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Abstract

R

By virtue of the Noether theorems, the vast gauge redundancy of general relativity provides us with a rich
algebra of boundary charges that generate physical symmetries. These charges are located at codimension-2
entangling surfaces called corners. The presence of non-trivial corner symmetries associated with any entan-
gling cut provides stringent constraints on the theory’s mathematical structure and a guide through quanti-
zation. This report reviews new and recent results for non-perturbative quantum gravity, which are natural
consequences of this structure. First, we establish that the corner symmetry derived from the gauge principle
encodes quantum entanglement across internal boundaries. We also explain how the quantum representa-
tion of the corner symmetry algebra provides us with a notion of quantum geometry. We then focus our
discussion on the first-order formulation of gravity and show how many results obtained in the continuum
connect naturally with the previous results in loop quantum gravity. In particular, we show that it is possible
to get, purely from quantization and without discretization, an area operator with discrete spectrum, which is
covariant under local Lorentz symmetry. We emphasize that while loop gravity correctly captures some of the
gravitational quantum numbers, it does not capture all of them, which points toward important directions for
future developments. Finally, we discuss the understanding of the gravitational dynamics along null surfaces

as a conservation of symmetry charges associated with a Carrollian fluid.
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Introduction

515

Quantum gravity is one of our time’s most captivating and challenging theoretical puzzles. Many dif-
ferent top-down approaches have been proposed to address it, such as (This is by no means a complete list.
See, for example, [1].) String Theory, AdS/CFT Holography (Celestial holography can also be understood
as a bottom-up perspective on quantum gravity that is perturbative in nature.), and Loop Quantum Gravity
(LQG hereafter). Despite many successes, these approaches are based on fundamentally different founda-
tional principles and seem irreconcilable. What is missing, in our view, is a bottom-up non-perturbative per-
spective that provides, from our understanding of semi-classical gravity and its symmetries, solid foundations
and tests that any top-down approach to quantum gravity ought to pass. It includes one of the foundational
elements of holography, namely the fact that the Hamiltonian of a gravitational system with fixed bound-
ary conditions is entirely contained on its boundary. It also respects one of the fundamental tenants of LQG,
namely background independence, and the foundations of the equivalence principle, which implies that grav-
itational dynamics is the expression of its symmetry. The local holography approach views both holography
and symmetry as two sides of the same coin. In this review, we focus on presenting the connection of local
holography with LQG and some of its results such as the appearance of quantum geometry, leaving aside a
more general presentation of its link with traditional holography.



BFIINRIESERIINAR. EERERHIEHR —, ZZROCERT T2 MR E LT
FRMRDUX — M, BlanszBfie, ROErRs/HIE7IE (AdS/CFT) 2 R (RIA 28 R HE RN
—RAR BT B R BRI E 50 AA) MR T 5171 (R XXREFR LQG)(%FIRA4AE5E 813K,
ZDUBIANSCHR [1]), BT IREHG TIEZ R, HEMETIRANREMERE, HERX
TeiER, fETATER, HATERHZ —# B T BRI A EREMERA T FE 85 [ L H
MFRPERTER AR &2, $RAMEMT B B SRR 51075 TRER N 2 R R I SR S 080, A
ERFHNAMERZ —, MEEIIRFFRNGIDRGENGEINE S 2RETHIZRZ b, eR
B LQG MR OLEAR N ———FRMM:, WS SIS SR BRERE 51130
SRR HNFRIERIA I, R A BT B0R 4 B B 5 AR AR [R]— MO T PR T, AR TR £ A ]
HRANMARBEES LQG KIKEK, DARIZHEZRSRIRTHR 7R (BIan& 7 LAATHED, EARIT
e SEgERRIREK,

In particular, we show that gauge symmetry, which is usually understood as a mere redundancy of our
physical description, is much more than that. It governs the quantum entanglement of subregions across
entangling surfaces, called corners. These entangling surfaces are shown to carry representations of infinite-
dimensional symmetry groups that are the physical consequence of the underlying gauge invariance. More-
over, we show that these symmetries represent, through their nontrivial commutation relations, the elements

of quantum geometry.
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This perspective is very close to some of LQG’s most noticeable technical achievements, in particular, the
rigorous construction of a Hilbert space of quantum Riemannian geometry based on a Hamiltonian formula-
tion of general relativity in terms of SU(2) Yang-Mills gauge connection variables. In this context, symmetries
such as spatial diffeomorphisms and local SU(2) frame rotations were central for defining the physical states.
The emphasis on SU(2) gauge symmetry led to the quantum numbers labeling the kinematical spin network
states [2].

X—HAS LQG &I INERMEEARSRAER G, STHEET SUQ) - K/RITLTEERES L &
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Since it was initially conceived as a canonical quantization of general relativity in the Hamiltonian for-
mulation, LQG is often seen as a bulk quantization. Little to no role is played by boundary structures. One
goal of the present review chapter is to explain why this is not so and how LQG accommodates the description
of some boundary degrees of freedom in its foundations. For example, one of the key results of LQG is that
spin networks represent a notion of quantum geometry. Suppose we cut open a portion of quantum geometry
along a surface S . In that case, we obtain, for each intersection between the spin network and the surface S,
an SU(2) representation, which carries an elementary quantum of geometry. Moreover, the SU(2) generators
associated with each cut are the quantum flux operators integrated along S . These quanta, which are fun-
damentally entangled and represent quantum geometry, are controlled by gauge symmetry. One limitation



of the traditional LQG approach is that it assumes a discretization of the fundamental geometrical excita-
tions. Local holography allows us to keep some of the key successes of LQG, such as the quantization of the
area spectra while being fully compatible with the standard understanding of QFT in the continuum. The

presentation will be done in four main parts.
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In section "Gauge Theories in Bounded Regions,” we first explain how the notion of boundary degrees
of freedom arises in gauge theories and highlight the fundamental role that it plays in classical and quantum
gravity. We develop these ideas further in section "Quantum Geometry and Corner Symmetry” by explaining
how boundary symmetries are related to entanglement and how their quantization gives rise to a notion of
quantum geometry. This then motivates us to summarize the role played by boundary degrees of freedom in
LQG. We recall in section "Boundaries in Loop Quantum Gravity” various results establishing that spin net-
work data can be seen as boundary data and also summarize earlier results on boundaries and entanglement
in LQG. We then review recent results on the construction of corner charges in the first-order formulation of
gravity in the presence of the Barbero-Immirzi parameter and give the proof of a Lorentz covariant area op-
erator with discrete spectra. This section also reveals our shared viewpoint on future developments. It shows
how the non-perturbative quantum gravity perspective started by LQG should be extended in order to fully
provide a representation of the boundary symmetries compatible with subsystem decomposition and coarse-
graining. Finally, in section "Null Boundaries, Isolated Horizons, and Fluid Conservation Law”, we review
our current understanding of the representation of super-translation symmetry, emphasizing the gravitational
dynamics along null boundaries. We present our understanding of such dynamics as Carrollian charge con-
servation equations. We also construct a boundary action for finite null boundaries that encodes radiation
and is compatible with discrete area spectra.
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Gauge Theories in Bounded Regions

AR XIS

Generalized Noether Charges and Boundary Symmetries

) SRR I R

In the case of gauge symmetries, Noether’s first and second theorems together imply that charges are
associated with codimension-2 boundaries. More precisely, to local gauge symmetries with parameter ¢ , one

can assign the object

FERTENIRIERIEIE T, RS — 558 e B FERY, iS5 R4ELON 2 FIAFORER, B HERHA,
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where C (¢) £ 0is the constraint and q (¢) the so-called charge aspect. This result implies that the charges
of local symmetries supported inside a region ), are given by an integral over its boundary S = 9, . By
definition, what then distinguishes a gauge transformation from a true physical symmetry is the possible
non-vanishing value of the charge. We therefore see that in the presence of a boundary, whose intersection
with )] is the corner S, gauge transformations can potentially become physical symmetries associated with
a non-vanishing charge. Setting aside technical issue for the moment, one can think of the covariant phase

space formalism as a method for assigning the charge (1) to an infinitesimal transformation &, .

Hi C(e) £ 0 BAE, q(o) BFTBIIMR 2R, SRR, SHEIEXIE Y, WHRHEBOIFRIERIF,
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ERE, FHBATILAES], SEELFELRSE Y MR TAX S I, e ] RERCN N M
IEFM AP ER PR, BB EEOR I, BATTA] AR A 2 IR SR B AN — F25 JE %5 /NaE #
8 T (1) TTTR,

Such surface charges are of fundamental importance as they describe essential physical observables. This
is the case of the ADM mass, the angular momentum, the memory observables, the multipole moments, and,
for example, the LQG fluxes. Moreover, the charges come equipped with certain algebraic structures: they
form a local symmetry algebra, and their time development along the boundary can give rise to so-called
flux/balance laws, describing, for example, the interplay between gravitational radiation and the failure of the
charges to be conserved. It is indeed important to appreciate that the physically meaningful surface charges
go beyond what one can be used to when studying Noether charges in mechanics. The charges can be non-
conserved and also defined without actually resorting to boundary conditions, i.e., by relaxing the need for a

variational principle. Moreover, the charges can also fail to be integrable in the variational sense.



XK R ARAEEYE, Fovellid ro0 B e MR, ADM g, fAshE, CiZrrm
B, ZHE, BIANEE LQG MEARIXLEMAIH To Mok, FidEERERI RS ENHK
— BN FRAEY, SRR SN R R] DU AR PR R IR R/ ST ER, R LA S5 I RS SR
SPIEZ R EORER, INREIE YR XA f s 1 AT A PR R e RE F AR, X —
RISRAER EZ, Al DAANSFE, tha] BUCTE M IIASAARE S, BIAT DUBARXS 28 73 IR R AT 25K
b, farth Ay DA R AR T S R R RT R

For example, in the case of a diffeomorphism with parameter £ , the charge takes the form
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where Q is the symplectic structure, obtained as the integral over )} of the variation 66 of the symplectic
potential 0. This latter appears as the boundary term of the variation of the Lagrangian, i.e., SL £ d6. Finally,
here Qy (§) stands for the Noether charge associated with the Lie derivative 8¢ . Importantly, this formula
shows that the full surface charge is not only given by the Noether piece but can also contain a non-integrable
flux contribution Fy (§) = §i:0 . More generally, the charge variations take the form

Hrp Q B4, By ok 60 £ Y, BNl EHAGENHRE I H R385 R85
HIE, BISL£d6, &Ja, A Qn(§) RESFETE S, RIKIIERF, HENE, XPAKK
SERNEAANESIER R, TS RRRETI Fy (§) = $4i:0 . H ki, fHyze
BN

I.Q=68Q () +F(e), ©)

where the right-hand side is a (non-unique) split between an integrable piece Q (¢) and a flux contribution
F (g) . We leave aside technical discussions on how to select a preferred split of the charge between integrable
and non-integrable parts, but a canonical choice is the Noetherian split, Q (¢) = Qy (¢) , which is entirely
determined by the choice of boundary Lagrangian [3,4]. What is important is that a repeated symmetry action
on a charge leads to the equation

Hep M2 R & Q (o) TR TR F () BT (RME—) o fift, FATTE BAS AN a] BIER 73 HIAS
AIRER 7 < R Se RIS A, (EARMEIERRIER 2R Q (6) = Qn (), EFEEHILSL
I HRNEREDUE [3.4], BERGILRE, WNHRMENHIESFERSHITE

0,Q (1) = Q([e1,62]) + I F (¢3)
(4)

evolution = conservation + dissipation.

As indicated, this can be thought of as an evolution generated by the symmetry, which is composed of
a rotation dictated by the symmetry algebra, and a possible dissipation due to the flux term. This latter is

typical of open Hamiltonian systems, in which modes can escape, e.g., through the null boundary in the form



of gravitational radiation. An important point of this construction explained in detail for the first time in [5]
is that once we take into account the presence of edge mode fields, it is possible to show that the symmetry
charges are gauge invariant. They commute with the Hamiltonian constraints. In Gravity, the edge mode
fields are given by the choice of embedding maps from a reference ball to the spacetime [6, 7] . For simplicity,

we do not introduce them in our presentation even if they play an important conceptual role.

Gn_ERR, X A] DABRARDY O ARIEA AL, B SN IRAREOE RS, PR B IUH R AT
REFERL. FERCRITHUGEWUARSHVHAMHE, EXRARS, HAn] DOKIR, BIan A5 |1
KFEI N5, BN — DEEZE R (B RS [5] PR IR 2 —BR5 R4
BRAETE, AT DOERS AR MTEAZN, EMNSRERARN S, 1E510%, hgEg M
ZHIRBINZ [6, 7] IRAMUN A, NERE, HEEERFEREENIMSMER, JITEARR
BT INE,

This structure suggests that there is both kinematical and dynamical information in the charges and
their algebra. Kinematical charges are integrable and associated with a vanishing flux, while the dynamics
amounts to restoring the flux and taking into account the radiative modes. The kinematical charges belong to
the so-called corner symmetry group, which is a subgroup G5 C G3,, of the full symmetry group. The corner
symmetry charges form a closed algebra {Qq (¢1), Qg (£2)} = Qg ([£1,€,]) which can be readily quantized. The
full symmetry group is called the extended corner symmetry group. The extended corner symmetry charges
can only be understood as canonical symmetry charges after extending the gravitational phase space with
an edge mode field called the embedding field [6,7] . More recent work [8] connects this research to the
geometry of open systems, dissipation, and entropy production via the framework of metriplectic geometry.
At the quantum level, physical observables should provide representations of G§ and G5, . This is a necessary
condition in order to have a quantization compatible with the symmetries of the underlying classical theory.
In general relativity, as we will show below, representing the corner charge algebra amounts to a quantization
of geometry, while representing the full dynamical charge algebra is expected to provide a notion of quantum

dynamics. For a demonstration of this in the context of asymptotic infinity, see [9].

X—EERRI, TERH N AP RIN G Sasi 2 59 1 A E R, BalEriZ rl i, NN FiEaR,
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B SIS FL AR SO AR AR A B B LR R AR, IRANBATT PO ORI, £ SRR
H, RO A EEEN T U E T, TRRTEREasl s RE0IE B H & 13 1 #RIE
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What we have left out of the discussion so far is an explanation of the zoology of charges and charge al-
gebras which can arise. This depends, of course, on (i) the theory being considered (e.g., gravity or Maxwell),
(ii) the symmetry transformations being studied (e.g., diffeomorphisms or internal Lorentz transformations),
(iii) the type of boundary conditions (e.g., conservative or radiative boundary conditions), (iv) the nature of
the boundary (e.g., an asymptotic boundary or an entangling surface at a finite distance), and (v) the choice
of boundary Lagrangian or topological terms such as theta terms. Recent years have seen a wealth of devel-

opments and new results on the covariant phase space which has fueled lots of the developments we present



in this survey. In addition to the references [3- 7] cited above, the interested reader should consult [10-15].
Moreover, the recent report view [16] contains a comprehensive review of the ideas we presented here and
many more references.

BATTH ATHT I I A AR IR 25 AT RE HERAT 22K ey 5 FEL QB X 2R T:() At RO ERIE (14D
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SRR (BIANPR-FEARETIA SR, (iv) IBFBIPESR (BIANHnNEn 5 e A BREE B A2 28 ET), AR (v)
D 5HRS B H BB 6 WUX AR FNIAE £, MTAER MM S RISURES TR B R SHTR, HEs)
TAXEGIRRNAIEZF FR LIRS IHEISCHR [3-7] Fh, EOSERA I A & B SCHR [10-15]0 1
Ah, IEHAZRERSCER [16] EE TXRA AR BN 2HZRE, FFRHM T EZSE 0,

In order to make contact with LQG, we will focus below on gravity in tetrad variables and consider the
corner symmetries and charges which can be derived for any quasi-local region (i.e., a boundary at a finite
distance) and without the need for boundary conditions. An immediate example of such a charge is that ob-
tained from (2) in the case of tangential vector fields, for which the flux term vanishes (One should distinguish
between symplectic flux, which can exist at a cut, from the flux due to time evolution. In the case of tangential
vector fields, the former is absent, but of course there is still a non-trivial flux of, e.g., angular momentum due
to its time evolution along J . There is therefore a translation flux but no rotation flux. In equation (4), one
can indeed see that even if €; is tangent, then there is still a non-trivial flux due to time evolution if ¢, is an

infinitesimal translation in the u direction.).

NTSBEF51 (LQG) kR, BT R ERMNIERRREX TS, R MERERE)R
BRI I8 (R FREE AL AT 5Y) #E SIS 2], TERBING SRR R S, XA — D EE G
THUIREZEE TR 2) 52, ZIBEE TERINZE (BANFEX 2 UL AT REF LR il &
S EEAERER, N TUIREY, MMEERTE, (B 7 M EEAN, AshRXRENRTF
EARFRNER, FILFEPBERENFERLER, £ @) Ta]UERER, At BUIRE,
# 6 78 u JiTA ERTESINVERS, INAREM R AR RE R ).

Implications for Classical and Quantum Gravity

g5 SR 751 e

The role of symmetries in the study of a classical and quantum theory cannot be understated. Provided
enough conserved quantities exist in a theory, they can be used to solve the dynamics altogether. Although we
do not expect this to be the case in gravity, it is still the case that symmetries provide a powerful organizational

tool and give the possibility of controlling the quantization of geometry in terms of symmetry observables.

XFRPELE L SN B BICHT 7 FR AR RTE 23888 i, iR — D EHe R R 2 ~F
TE&, Al EMEERBEN N NY, BRBAINIGS R — &, EFRERIAZ R
AHRIEC TR, F BA B@EIFRE ] &R A R LAl H &1L,

In the case of asymptotic symmetries for asymptotically flat spacetimes, the relationship between corner

symmetries (described by the so-called BMS group and its generalizations [17, 18]), classical observables,

and the structure of the perturbative quantum theory has already been demonstrated and is being used to

10



build a notion of flat space holography (see [19-21] and the references therein). This idea of building the
quantum theory on the structure of the classical symmetries is also what gave rise to the holographic AdS/CFT
correspondence. It is clear that the very existence of boundary charges and symmetries in the classical theory
should play a central role in any attempt to quantize gravity and understand what form of holography holds

in quantum gravity.

FEME - BN S R AR, A FRYE (TS BMS BEA HAEHi6IE [17, 18]), £editn]
W & 5 i i BRI A5 2 R SCHER TS 2INERT, B ai A TH 22 A 2 RIS RIHES (W
[19-21] M HAFRIZHESCHR), IXRPE TN RS A d B F e R BB, B2 28 AdS/CFT
IHBHGER, RAR, MBS SMRERNTEE, XN HEMETSIINE AL, 3
8= RGP L D AVA SRV SN oy eV = I VA Vg 22 AW (A E S

Quantum Geometry and Corner Symmetry

@ IREESY DU E i

The viewpoint just presented helps understand the fundamental tension which exists between gravity
and local quantum field theory. In any gauge theory, the presence of constraints implies that gauge-invariant
observables are necessarily non-local. This means, in turn, that the Hilbert space does not factorize spatially,
as factorization would leave out of the sub-factors some of the non-local observables which cut across the

entangling surface (see [22-28] for many discussions on this issue in gauge theory).

NI HE A B TRRES | 1 5 RISE 73510 & M ERAR AR PSR 71, FEARITaE e, 205
HIAFTE RIS AT AR AU S SR B R SR I, IX SO SRR 7 /R AR 22 (R JC i 23 6 7 1,
IR 9 53 il 2 W0 o 2 i 2 4 A SR $sORT I S HERRAE 7 (R 2 A CR T RIVEBIG Fh i n) Y 1 2
Wiz I [22-28]),

Entanglement from Symmetry

XERRTE =2 £ 2

Let us now explain more in detail why corner symmetries are essential to unravel the nature of spacetime
entanglement and lead to a covariant description of quantum spacetime that generalizes the one given by
LQG. The key idea proposed in [5] is that corner symmetry allows us to resolve the quantum entanglement
of spacetime through symmetries derived from the gauge principle. This correspondence between symmetry
and entanglement was first realized in the context of lattice gauge theory in [25].

DUEBA R E RN RRE, At AT ARMN TR S BRI AR, I HAES e
THEET 517 (LQG) FE TH = bas iR, Sk [5] 12 tHATROILRUR: TR FRIE AR F R TiE
AT S P G HE AR AR SR 70 I 2 Y - AU 98, SRt AR 5 2H 28 2 R A0 5% R B R R
Bk [25] ARSI HESR R A B

Let us start with an example in the standard field theory, and let us focus on the vacuum state |0) . This

11



state is an eigen state not only of the Hamiltonian H but also of the boost operator K that fixes the two-

dimensional plane S = {x3 = 0} inside the x° = const. Cauchy slice. In other words we have

BAVRMREE R — DI, RETHEHZE0) . ZSMUZREIHE H (IAES, thz
EE T x0 = WHMPEY) N T 4E VT S = {x° = 0} AUPRE boost HF K FIAMERS, #5 ZHAE

H|0) = K|0) = 0. ©)

The plane S fixed by K is called the entangling surface. It divides the slice into a left and a right component
Y =2 UXgwithS =3}, . One can decompose the Hilbert space as a product of left (respectively,
right) Hilbert spaces (Strictly speaking this decomposition is only valid at the level of the observable algebras
due to UV divergences. See [29] for the proper description. For simplicity, we keep the naive language of
Hilbert space factorization, valid for a UV-regulated QFT.) obtained by acting on the vacuum by local operators
supported on ;, (respectively, D, ). Tracing out the left Hilbert space, one obtains the density matrix pg =

Trg, (10X0D).

WK ERNOFE S BV, SN ANEERAED ¥ =3, 0, , WES=0Y, .. &
AT DA AR AR R 2 I MR e A AR S TR Pk, BTSSR, XN
UL (BRI, ERRIRA TSCRR [20]0 NEILTRR, Bl A7 /R (R SR 2
FR, XA EINENI R TR RESIN), T Y, el X, CEl) F 32 R
THERTER S A5, MR RIS, BAHIEIEERRE ps = Try, (0XO0)).

Since the entangling cut is fixed by K and the slice is defined at t = 0, we can decompose the total boost
operator into a local sum K = K — K , where Kp;; = f Se |x3| Tyo is the right/left boost operator, also
called the “twist operator,” which commutes with local operators placed on the left side. Kg,; is a positive
operator, and it acts non-trivially on the vacua. This means that we can decompose the density matrix in

terms of eigenstates |n) of the “twist operator” K with eigenvalue K,, > 0.

I MR K [EE, BYIRAE AE ¢ = 048, TN TAT AR SR B0 N R 8oR T K = Kr—K,
, HA Kpyp, = S5 |x3| Too BEAMBIRER T, hih “HREF", B5XEAELEMNFEISET
NG Kpyp BIERF, MEZEIEFIIEM. XUBHIRNTAT PLR R 1 K XN AEE
K, > 0 FIAMER |n) F&IT.

We can now use these symmetry generators to construct the symmetry-reduced state which are defined
as the projection of pg onto the eigenspaces of K . The main theorem of Unruh-Bisognano-Wichmann [30]
states that the symmetry-reduced vacuum is pure. The second statement of this theorem is that this state is
simply given by a complex boost associated with an imaginary boost angle of 2iz . Let us recall that U (7) =
e%TKR denotes the action of the boost operator with boost angle 7 on states supported on ), g - The Unruh-

Bisognano-Wichmann result therefore simply states that

RAEFRATTA] AR IR SR AR BT, AIERN FRIELIAS—ED o Bl Kg AMEZ AR, SE-L
RIEWIE-B 2 T [30] f6HH, MARMELAMESBAS, ZEHE —PEiitRE, XSRS
B — N HE B A 20 FOSE BRI A, [ — F, U (2) = en™ ® FoRBE AN ¢ B 71
FHESGET Y IS B, R SE-LERETIE-BoL 8 IEER] fa RN

12



Ps = e_?KR. (6)

This means that the vacuum state can be decomposed as

XA E S 25 w] DL RN

n, fi), (7

0) = Z e_%K”
n

where |n, m) denotes an eigen state of Ky (respectively, K; ) with eigenvalue K,, (respectively, K,,, ). The

lesson we learn from this example is that the vacuum entanglement is entirely contained from the matching
of boost charges Kr = Kj across the entangling surface. This is the expression of boost invariance, which

implies that the state can be written as Y, p,|n, 7i) in terms of a measure p,, . We also learn that the form for

n
this measure is determined by the demand of translation invariance of the state.

Horf |n, m) R K R Ky, ) AE(EN Ky, FRL Ky, ) FIAERS, BATMNIZBIF RIS 1S Hasg
g 5e 2 A 5 b BRI boost fif K = Ky RIPERLIRE  IXBPREALMERAIE, BRI AA] LA
R p, FRN Y, ppln, ity o BABERTLIGHL, %M ERITE X ASE PR AN ZR T,

So far we have reviewed a well-known result about quantum field theory (QFT) in the presence of an
entangling surface. How does this relate to quantum gravity and corner symmetries? In QFT we saw that the
only state to which we can apply the previous symmetry argument to compute entanglement is the vacuum
state for which K |0) = 0 = H|0) . In gravity we know, as reviewed in the previous section, that on a closed
Cauchy surface the Hamiltonian generator Q (§) vanishes for any vector field £ (A weaker statement would
be that ) has an asymptotic boundary but £ vanishes sufficiently fast near infinity.). At the quantum level,
this means that Q (¢) |[¥) = 0 for all quantum states of quantum gravity. Let us now choose a two-dimensional
finite closed surface S € »; which plays the role of an entangling surface and denote ), the surface inside
S and )}, the slice outside S . Let us then consider the set of vector fields £ which do not move S . We can
then decompose the diffeomorphism charge in terms of its left and right components Q (£§) = Qg (§) — Q. (&)
. As we have seen in the previous section, Q (§) is the integral of the Hamiltonian constraint on Y, , while
the charges Qg (£) are given by corner integrals and the corner symmetry algebra g° is the sub-algebra of
infinitesimal diffeomorphisms fixing S that possess a non-vanishing charge corner charge Qg (§) = $4q¢ -
We are thus in a situation that is analogous to the Unruh case. We expect that the physical Hilbert space splits
into a sum of representations p of the corner symmetry group. In other words, given the existence of a corner

symmetry algebra, the quantum gravity states ¥ can be decomposed into a sum
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FIHATA L, BATEE T 87718 (QFT) FR{F RS Hl A — MR sghit, XS5 750t
MRIEAMRER? ERTHICHRMNECEER], A ETSREN N A RTIANFRIEICIE T A%, %8
2 K [0y =0=H|0), £5/77H, MBAERT—TF MBI, FEHASHER L, MERKESE, Ik
WA NRTT Q (§) NF (35— RIREZ: Y FAENLIAS, HEAELS NI B, 8
TEH, XERENTETSIINERTSERE Q(©) W) = 0o MERITER M _4EHAEH
BRI S € 3 FEOMAUgESRIE, iC Y, 0 S PNEREEITE, 3, 4 SAMERIIYI e $& RRBATIH E—K
5 S WIRES &, AT DA MR R G 70 & Q(6) = Qr(8) — QL (§) » IEAAFEAT]
R, Q&) 2 Y LMEWARMY, M Qg (&) HAMIEHAH, AXFRERE 65 2
E5E S BIFETT /Mo FIRE 78, XM FRIEIEIEZ AN Qr (§) = fgq: o« FILTNTIER
FINER 52BN 0L BAIHHP AR /R AR [ A] DA N R FREE R OR o 2,
HATTEYL, BT ANTREAEEE, B985 AT N

¥ =39, Ip.a)® lo*.a).| ®)
P a

Here px* denotes the dual representation and a denotes a label of states in the Hilbert space V,, . This
decomposition can be extended to more than one surface S — (S, --- S,,) and more generally to a collection
of cuts I that represents a two-dimensional cellular complex. The previous calculation of charges as corner
charges generalizes to this case. On the two-dimensional cells of this complex, we assign representations of the
corner symmetry group, and on the one-dimensional cells which glue the two-cells, we assign intertwiners of
the corner symmetry algebra. At the end of the day, we can therefore expect a decomposition of the quantum
gravity state as a sum

HEAL ps RRNBRR, o RoRFM/RIBRFER V, FHIESRE, %0 n] DA 2 2 M dhim s -
(S Sy) , B Al DA BRI SR —HE T o AR M m R TR AT DA
JTEZIEIE. EEK Y, BOIRTANMEROR,; RS —4EMun—4Eff b, AT
AMIRMEAREIEEEH 1o RILBRNTRE ] WU, 855101880 A #N

[¥) =" 9o (D) Y lorsar) & |0} ar). )
Pr ar

Here pr = (® FPfs ®.l,) , where f labels the faces of I' with representations p ¢ » and e labels the edges
of the complex with intertwiners I, . This decomposition must be valid for any quantum gravity state.

AL or = (® 10, ®ele) , HH fARILT T HERNR oy K, ebric T XBEEHHEHER T I,
M3, Zo R R T 5| I SE A AURAL

This decomposition is reminiscent of the spin network decomposition of quantum gravity states that
appears in loop quantum gravity (See [31] or the chapter [2] in this volume.), but it is also more general. The
difference is that it appears in a continuum description and the group that one needs to represent is the full

corner symmetry group (and not only the SU(2) group of internal frame rotations as in

XA E NBAR SR & 151 0 h BRI B 75 | 7S B REMZE 7R (L [31] SAEHIEE 5 (2)),
HEREREEE 2. XAET, BofREEsdidhatin, BRERRIEEZZRIIN R
XFREE (A UR R
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LQG). As we are about to see, in the corner symmetry proposal, the quantization of geometry appears
through the choice of representation and through quantization of the spectra of the geometric operators that
represents the corner symmetry charges. The central questions of quantum gravity now become, in this con-
text: what are the representations that enter the decomposition of the quantum gravity states and what is the

7Kn
integration measure ¥, that plays the role of the Unruh measure e » for quantum gravitational states?

LQG HHBFEUA NS 4L TN SUR) B, RO R B, O0FHARN, JUAH
BRI FRR, DB TR AR TSRO R T SE I, (e T, &
THUMRL B : MEEFTR 25 5 RT3 AR, DO R T 51 A S) 22 e
¢ (ERRIBIATIE W, B A2

Representation Theory of Corner Symmetries

XRRTER AN

In metric gravity it has been shown that the corner symmetry group (The extended corner symmetry

group is obtained by adding the super-translations along the two normal directions and is given by [5, 32]

fEERS |1, EUERHAXNFREE I A FREERDE ARSI E A T SRR R, B
[5,32]

Getrc,exe = (DIF(S) X SL(2,R)*) X R?S.) (10)

is simply the semi-direct product [5] G5 ;. = Diff(S) X SL(2, IR)S , where SL(2, R)S denotes the space
of functions from the corner S to SL (2, R) . These represent the boost transformations preserving S , while
Diff (S) are the sphere diffeomorphisms. In the first-order tetrad (or frame) formalism, the symmetry group
at the corner is extended by SL(2, C)S , namely the group of internal local Lorentz transformations supported

on the sphere [33]. In the tetrad formulation, the corner symmetry group is therefore

E2EEM [5] 65, = Diff(S) X SL(2,R)® , i SL(2, R)® F-MFAI S I SL (2, R) HYREEES .
XU FRR T RS S MUHLREASHE, T Diff (S) REREAL M FINR, 7E—Fiise (BIEZD) Fuatrh, fakt
(A FREERE SL(2, ©)° ¥ I, BN HAEERIE E 0 RIB0RIC 2525 e [33], RIAERREEZRARA, FXtFR
B

GS._ = Diff(S) X (SL(z, R)® x SL(2, a:)s). (11)

frame

The study of the representations of these groups has been initiated in the work [34] and developed further
in [33,35-37]. To connect this general discussion to the traditional discussion in LQG, one can go back to the

work [38], which proposed the study of the loop corner symmetry group

IXEERERIRAVR S SR [34] &2, FF1E [33,35-37] HSE#H— PR B, N TRZ—RMENie5E
BT 5171 (LQG) FRIEFEIHEH AR, REIIZISCHR [38], 1% CHRTE b5 R M X FREE
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GS o = DIf(S) X SU2)’, (12)

obtained in the study of the canonical formulation of gravity in the time gauge. This is the subgroup
of G3,me Preserving the slice normal at S . In this context, the gravitational phase space is described in the
bulk in terms of the SU(2) valued Ashtekar-Barbero connection A! and in terms of the 2-form flux element
E; = %si ik (¢/ A €¥), where el = dx“el; denotes the frame field of the induced metric on Y} . Before imposing

the constraints, these variables are canonically conjugated as

BT BN R R 510 EMFE R, 2R S AYIRERN G, i EHERT, 5104
ZEATERH EEUYE DY SU(2) RIFTPERE-R- IR A F1 2 TR IRT E; = %sijk (e/ A €F) iR, H
Hel = dx®l, 7o ), LIESERIG, MMARZH, XL R ENX X EA:

{4k (0. B )} = 88816 (x - ). (13)

The kinematical constraint equations associated with diffeomorphism and SU(2) gauge symmetry are

simply, as shown in [38], the Gauss conservation laws

Quzik [38] AR, o RIRRAT SU(2) MBS FRVERT I A I2 5l 2224 375 Rzt i T < 1E

duE; 20, duP 20. (14)

Here E; is the geometrical 2-form flux, while P! := dye' is the torsion of the Ashtekar-Barbero connec-
tion. On the reduced phase space, P! computes components of the extrinsic curvature tensor. One can also

understand P; as the variable conjugated to the frame field since

At B BUR 2 TER, P o= dgel BRIPERFR-EIPBREIHRR, AR L, PP AfitR
ShithRok B 8, WALKE P, BN SR IR R, K

[P (x), e} (1)} = 83816 (x - ) (15)

on the kinematical phase space.
RRAEIBEN A A _E KA,

It is important to appreciate that the commutation relations (13), or the one just shown above, are only
valid before the imposition of the constraints. What matters at the quantum level is to understand how these
variables commute in the reduced phase space obtained after imposing the constraints. This is where the
corner symmetry enters as a key ingredient. It is direct to show [38, 39] that the symmetry charge of infinites-
imal diffeomorphisms labelled by a vector £%6, € T D, which is tangent to S and of infinitesimal SU (2) gauge

transformation labelled by alc; € 8u (2) is, respectively, given by the corner charges
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T IAI(13) B B KR, RESERHIN SRR, (AERIMZIRATER. &7 R A E
e HRX A BAE ML RS S EINAMCAR SRR E X R, N AXFRIERR X ER, fH
FRUER [38,39] : IU) T S IR & €99, € T ), WrRicHITET /MU RIIE, PARH alo; € 8u (2) Frichy
TEF3/N SU (2) MLTEARHE, "EATIHIXS AR 73731 i A e

P (&) égﬁ £%LP;, G (a) égﬁ Eid!, (16)
S S

where the hatted equality emphasizes that these equations are valid on the reduced phase space.
FHr i 45 S R 2277 FRAE L (A 23 A) b oz,

In particular one sees that, after the imposition of the Gauss constraints, the pullback on S of the electric

field operator satisfies ultra-local commutation relations at the corner is given by [5,40]

Rl AER, MinmsiidiwR)s, mpEFhie = S EMALHRERE ZX R, TERN [5,40]

{E'(0), B/ (0")}g £ /48P (0 - o' )E¥ (o), 17)

where 0,0’ € S . Usually such a non-trivial commutation relation of the flux operator is only obtained
in LQG after the introduction of loops which discretize the support of the flux lines. What is remarkable is
that we can establish this non-commutation directly in the continuum and at the classical level through the
Noether theorem. Similarly, the momentum operators Py = P;el; with A = 1,2 indices tangent to S are the
generators of diffeomorphisms along S . The commutation relations of these momenta on the reduced phase

space are

Hio,0' e S, @K, HATELQG 5 AN TRLNSEREMLE, A RESERERFXM
R R FR o EIFERRZE, BATRT DAE SR [ AIES: A B i T PR S XA XS 555
Ro FHE, HHYIT S A = 1,2 16RISIRER Py = Pely 2 S WM RIEAERTT. X R
FELMA RS R ERIR B R RN

{Pa (), P (0")} £ P4 (¢") 656 (0,0") — P3 () 946? (0,0"). (18)

At the quantum level, the goal is to represent these commutation relations. The commutation relations
(17) for the flux fields define a 2-sphere generalization of an SU (2) valued loop algebra. The representations
are classified by the SU(Z)S whose Casimir is given by the corner area element p (¢) = |det (e;)| (o). At the
classical level, this object defines a measure on the sphere which is strictly positive.

fFEETZER, B EMZRRZEN SRR, RESHXNZRR 17) X T —/ SU (2) [HIN
IR —HEBRIEHE . FORH SUQR)° 2%, HETFRR/RREATERUT p (0) = |det(e})] (0) Aitto TE
SR, 2N GE T BRI _E—N RS A,

At the quantum level, we have to choose a representation of the operators we just described, that is, we

have to choose a unitary representation of G5 . These representations are classified by the choice of sphere

measure. We now focus our analysis to representations labelled by a discrete measure on S which now carry
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a new quantum number N : the number of punctures on the sphere where this measure is non-vanishing.
The representation states of SU(Z)S are given by functions ¢ : SN — ®§LV j; » Where V; denotes a spin- j
representation of SU (2) and N denotes the number of punctures activated on the corner sphere. On these

states, the action of the flux operator is then simply given by

fERFREH, JMNTFEERNAEIRNREFNZRR, MFREERE Gloc N MARIERR, XEFRR
HERETIME AR R 2K, BANTBHER T RETH S EREBINERCHRR, XEFRHEE—DH
BTHON - BNZINE AETAERTE A TLEL. SUQR)° IFRASHER o At SN - @Y,V , Hf
V; #R SU(2) B E- j R, N FRRABRE ERTER LS, MERMFEXES ERER IR S
TN

N
E; (0) ¢ (01, 0n) = D, 82 (0,0,) pj, (X)) @ (01, On) » (19)

n=1
where X; is an SU (2) generator and p; : 8u (2) — V; denote the spin- j representations. This represen-

tation corresponds to a choice of discrete density given by

Her X; =1 SUQ) ERTT, p; 1 su(2) - V; FRANE j Koo ZFRN T T BERUR %
23

N
P (01, 0n) = D pndP (0,0,) @ (01, -+, 0N), (20)

n=1

where p,, = yh/ j, (j, + 1) is the discrete area spectrum of LQG.
H o, = yi\j, G + 1) 72 LQG B B LIS,

An interesting analogy comes by noticing that wadro = Diff (S) X RS , which is the group generated by
(P4, p) , isisomorphic to the symmetry group of a two-dimensional barotropic fluid (Barotropic fluids are such
that the fluid pressure P (p) is a function of the fluid density p only. In general the pressure can also depend
on the entropy density.) [41]. In this analogy, p is the fluid particle density, and it is well known that there
exist two classes of fluid representations: the ones for which p is a strictly positive continuous measure, and
the ones for which p is a discrete measure. In the second case the fluid is composed of molecules. Here we

see that the quantization of area is analog to having a corner quantum fluid made of fundamental quanta.

—NEBRIELILRE, BATERSIL (B, o) ZEBIIEE GYq,, = DIff(S) X RS [T 4 1E KR ARHIR
FREE (IE R ERUA TR P (o) [URI TR E L o o —RIBHL T 3838 AT AR T )[41],
FERDEEER, o BIAKTEE, HARFEAMRERREEMNZE: —3KH p B RIERESNIE,
5K o AR, 58 KAl FHK. EHIRNER], HHREFROIT AR R E
HARB T,

This analogy also allows us to classify the representations of Diff(S). It is known in the mathematical
physics literature that these groups are non-anomalous [42]. This is why we can assume that the quantum

theory provides a representation for these groups.
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XA ZREEMEERS B ERAT X Diff(S) KU 3, AVl BRI EREZ AR R HRY [42], Xt
B FATAT DARIsE & 7 B N IX LR AL T — DRI R A

As shown in [9], the representation of the diffeomorphism symmetry group is then labelled by confor-
mal dimensions (A, ---, Ay) and spins (sy, -+, S5y) - These representations are irreducible and also appear as

representation labels for BMSW. The Casimirs associated with diffeomorphism have been constructed in

IEGASCHR [9] B, o R FREERI R AL TPLERE (A, -+, Ay) FHETBE (51, -+, s3) PRIC, IXEER
RN, WAl {EN BMSW HIFTRARC, o3 RIS B AR PER/R EAIE T

[34]. The action of the diffeomorphism generator P, on the discrete representation states is then given
by

HR [34], M FIRERTT Py W EBERRSIER AT RR N

N

~ o)

By (@) (01, 0n) = D 8P (0,0)) =% (01, -+, o)
| don

N
359 (0,0
- Z (AnéAB + SnEAB) %@(Oﬁ, ’UN)-

n=1
(21)

Here g, B

corresponds to the choice of a complex structure on the sphere, i.e., it satisfies ¢4 Beg€ = —5,€
. We see that a generic discrete representation of the LQG corner symmetry group assigns three quantum
numbers (j, A, s) to each puncture. The states associated with (j, A, s) can be expanded as a superposition of
spin network states purely labeled by SU(2) indices. An explicit expansion is given in [38]. It was shown in
[43] that these discrete representations labeled by N appear naturally as a Fock space quantization of the 2D
corner symplectic fluid.

AL €4 B X REBRTE b — D EAHER, BIER c0BepC = —6,C o BATAILIBE], LQG MAXIFREE
— R EREERAE MR RS T =R TG, A 8) o 5 (. A, ) RERIASAT DUBH 91X SU(2)
TEPRARICHY EBEMIZE ASHIEAN, STk [38] FR&aH T BIRRITEI. Tk [43] EIE, XL N AR
IR RN B RO —4E A S TP A v s TR B s 5

These preliminary considerations should give ample motivations to explore the possibility of representing
the corner symmetry group and connecting the ensuring representations to an extension of the quantum
geometric picture arising from LQG, including in particular diffeomorphism symmetry. An important point
of clarification is that, although spin foam models do not represent diffeomorphism symmetry, canonical
LQG does by simply allowing the embedded graph to be displaced by a diffeomorphism. What we can now
clearly see from (21) is that the LQG representation of diffeomorphism is trivial, i.e., it corresponds to choosing
(A,5) =(0,0).

ERFIPITHEETE W, R ANMERR IR SRS LQG &7 LM E S AHE ™ JUH
RS R FRIERIHE) KRR RE L ER, FEWHK— U2 BB RIEREAAR
R RIS AR, EIEN LQG i#id e VIR A B 7 IR RS S T 2N FR i, FRATTBRAERT LA
MK @21) FIEREER], LQG KR RIERZ VLR, BIEXNIER (A,s) = (0,0),
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Boundaries in Loop Quantum Gravity

ik R IPAL N R

We have seen in the previous section that corner symmetries allow us to understand the entanglement
of quantum spacetime from the representation theory of corner symmetry groups. From the perspective of
the corner symmetry groups, the fundamental quantum discreteness of geometry is a simple consequence of
representation theory. These results suggest a form of local holography, where the boundary data for local

subregions plays a pivotal role in the construction of the physical quantum states.

BAMERT— T EEFE, MAXNFRIERFRANIMA X FREERFRREIE A B T N S A28, A
MFREEHIALARE, JLAREAR TR IR RRHEICH — N ERIEIL, XEGRGH T —MEK
HRBERIE, Ho Ry XSRS EdE e B 8 T SRR A R,

These ideas are profoundly connected to earlier LQG insights, for example, through the work on isolated
horizons and black hole entropy [44], on the relationship between holography and quantum entanglement
[45], and on the geometrical understanding of spin networks and spin foams (e.g., through twisted geome-
tries) [46-48]. One element that the new corner perspective brings however is the seamless connection with
the continuum QFT and the importance of diffeomorphism symmetry and its representation labels such as
(4, s) . It also opens up the possibility to connect with the vast literature on holographic approaches to quan-
tum gravity and provides new avenues of development for the core LQG results such as a Lorentz covariant

formulation of spin network states with discrete area spectra.

XEFAHSER 517 (LQG) MERTHINT A WA B IRZIERR, BIAABLESS T 2RSS 2R
[44], £FIES B FHURERIRR [45], DA BHEMZE 5 B BeitoRr) LB (baniad # 1) [46-
48] LAk, A, BRI R — RS, ResSEl 7 5ESE TIer e, JE
TS R FRE S ERRARSE (I (A, 5) ) INEZE, EHONERE T3 2B EN AR
W CRTR B T RIRE, N LQG BDLESIRHIA FITRE TTis 2, LAl E] v BA BB AU a7
fE2L1 2L B e ML SRR,

We now briefly summarize some results that highlight the role played by boundaries in LQG. We refer the
reader to the other review chapters [44] for black hole entropy, [45] for entanglement in LQG, [2] for further
details on quantum geometry and spin networks, and [49] for spin foams and renormalization.

PUERA T B — BT MAE LQG RIS, 5 T SN U 4 5 5 S d 5
[44], T LQG VLIS [45], XTRTIUTS AREMAIWESMHSH (2], XTF EiEEk
SEELSH [49],

Black hole entropy in LQG One of the key ideas of LQG concerning black holes was proposed by Krasnov
[50], building up on the previous work by Smolin [51] about edge mode degrees of freedom in gravity and
TQFTs. The key idea first developed was that black hole entropy really counts the numbers of quantum
degrees of freedom that live on the black hole horizon and represent quantum geometrical states [52,53].
Early on, a connection between these quantum states and horizon edge modes in the gravity phase space was
conjectured [54]. These results led on the classical side to the study of boundary conditions for black holes
and the proposal of isolated horizons [55-57]. It also led to a refined way of counting black hole microstates
[58-60] and eventually to important realization of the connection with U(1) and SU(2) Chern-Simons theory
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living on the horizon [61-64]. In these works, the central role of the boundary symplectic structure was put
forward, and it was finally understood that horizon punctures could also support loop algebra symmetries
[65]. These results from the black hole entropy counting led to a direct connection with the corner symmetry
in [66]. Note also that the notion of isolated horizons was recently generalized to the notion of non-expanding
horizons [67]. These horizons correspond to null surfaces where the corner symmetry charges are conserved,

and the corresponding Carrollian fluid is perfect, see section "Carrollian Fluid Conservation Law.”

LQG AR LQG *T R0 B A 2 —H Krasnov 3T Smolin JGHi% T 5| HFIEFHNE T
e g B R TAE [51] #2H [50]. S AITERAIRZ O RUR : BTG SEPR G T 20 S A 2
TAMSE . RERETLASHE T B HERNRE [52,53], RERAMBERER 8551 0HE
B FR ARSI AR AL ORIK [54], IXEEGE R T AR MER X RIS EFFR, FHEd T
SLARSINER [55-57], Bk T BRS 4R R IR TH BT 7 [58-60], HRZLE AMTTE ZEHIIAIA S,
X EFREGEEEMS LR UQ) M1 SUQ) FR-TEE TG TEIRR [61-64], TEXLETA/Er, JASR
FEERHRZ ORI AR, AR BRER, A5R 2E AT DUR R B RBONFRE [65], IXLER H 2
TR T G5 SR TE TR [66] FHHEEEN. T 5 AN FRIERY B R G, SBAMEISTER, AL INE S &
AT AR AKALSR [67], IXSAFA N R hm, MR EZHhEm B5pE, MRS R
EEARE, S “RPIRIBIASFEER” /N,

LQG and twisted geometries We have seen that the entangling sphere carries representations of the
boundary symmetries. The traditional loop gravity picture assigns, on the other hand, geometrical data to
the vertex inside the sphere. So there seems to be tension between the two interpretations. This tension is
resolved by the twisted geometry interpretation of spin networks, developed in [46,68]. In twisted geometries,
one assigns geometrical elements to each link that intertwines two vertices and then proves that the match-
ing of representations across the link allows one to reconstruct the connection. In a twisted geometry, there
are two discrete geometries across the link: the one from the left and the one from the right. If one tries to
identify the group data in terms of polyhedral geometries, one finds a mismatch: while the areas are matched,
the shapes of the two adjacent polyhedra might differ; hence the discrete geometry is twisted. Remarkably,
it was shown in [69] that the difference in shapes can be encoded into an SL(2, R) connection. In [70] it was
also shown, following [71], that one has a natural generalization of spin network states that also carries rep-
resentations of SL (2, R) necessary to reconstruct the frame field. It was proven in [33] that the generator of
this SL (2, R) symmetry is, in the continuum, the induced geometry of the corner sphere transverse to the spin
network link. Finally, in [72] the change of this SL(2, R ) was shown to encode radiation.

LQG SHULMBEAMNCLANE, MR ABF D FRNFRERIRR, TESE 511 EIG2 R LT
LRI T PRI AR R TR Al AT RE Z MDA R B SR [46,68] T2 HIHYT B e 4541 T LT
RREMRR TIX—F &, LA, AR UACR B E R A DU — 550, RRIEDA,
HE_EFRORAYULEC AT DABEAIRER, FEHL LA, —ZRBERIPIN 7 BI0S B2 B R LA ZEM T LG
LA, R SR =2 22 AR LARARAR R, SAIRAITAS: mAU2 ALY, (EMMELTZ miA
RITEARRTREARNR], IR LR “Hith” /9, [EFERRR, Sk [69] BIUER, TEIRZESA] DA
T3t —> SL(2, R) Bk&&, Sk [70] 1E [71] FUESA BICUER, 71E BIEMZR AN BHAHET, XREH
ARBEMFRAE RN SL (2, R) "R, SR [33] BIUERA, 1EZELAH, X4 SL(2, R) XFRMER
ApoTit R EE T B ML EER AERERTE T LA, BJa, STk [72] MEBH, SL(2, R) BYZEHAT DA%
CHEEIN

Demanding that the geometry is not twisted projects twisted geometries, which represent LQG states,
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onto Regge geometries [73]. The fact that LQG geometries are twisted and differ from the Regge geometries
creates a puzzle. This puzzle can be simply resolved if one accepts that the faces dual to loop gravity states are
not planar, and the edges of the dual polyhedra are spinning instead of being straight [ 74]. Moreover, we know
from [48] that there is an isomorphism between twisted geometries representing LQG states and piecewise
flat geometries which provides an exact continuum description of the LQG phase space in agreement with
the results described in this review. This result also gives a geometrical understanding of the dual LQG vacua
constructed in [75-77]. Another prescient paper by Bianchi [47] proposed early on a similar understanding
of classical LQG geometry compatible with the action of diffeomorphisms. Now is a good time to go back to

these results and use them to connect LQG and corner symmetries more tightly.

ZORJUAEHPRARER LQG ASHHLU LM BGE R AT LA [73], LQG J Uy HXH T B Ay S LA —
FIGIH TPk, REBATRINE S BRI AR E R, EAMEZ AL e ik
HA, XML RE BRI B R ER [74]0 RSN, FRATIMSCHR [48] 151, 3R LQG AR LTS 70 BT
U Z [RIFAERIA, XN LQG M ER f#t T S A LA FR 4 SR AR E S, %45 R ik
BATIT LA A FEBRAR TSR [75-77] FHAIERIN R LQG H2=S, &M 5 — AT IEIe S [47] R
Bt 7 X228 LQG JLMAYSR AR, %HM ST FRAIERAES . DR FENX LR,
FRENTE R EHER LQG A FRIERILF L,

Entanglement in LQG, spin foams, and group field theories Very early on it was proposed that the area
entanglement and its relation to boost symmetry could be recovered from the spin network entanglement
of links carrying SL (2, C) representations [78,79] . Since then there has been a recent interest in comput-
ing entanglement entropy of spin network states and trying to relate it to the Ryu-Takayanagi formula [80,
81]. The central idea here is that quantum geometry arises from a network of entanglement. The quantum
entanglement in spin networks is encoded through the representation link [24, 82-84]. Similar ideas about
entanglement have been explored in GFTs [80]. These results are a discrete expression of the fundamental
ideas presented earlier, namely that entanglement can be derived from corner symmetry. It would be really
interesting to develop further the connection between entropy counting and the renewed understanding of
symmetry. In particular, in order to connect to the Unruh calculation, one would need to construct, in quan-
tum gravity, the spacetime boost operator. Again, we refer the reader to the chapter [45] for more details about

entanglement in LQG.

LQG. HIEtAMEEIeH AR E A AR, TR 98 5 H 5 P PR PER S 2R AT DA S
SL(2,C) 1 [78,79] HIZELRAY HIEMIZR A b AS 2, IR, AMT—EXHHE BIEMZSHIZ
g T 2R H 5 Ryu-Takayanagi 22N RGBSR 42 7 2485 [80, 811, HtAMAIE L BAE 2 & F 147
FEAET MR 2%, B EMI LS ) & T2 g IS RN IE LR [24, 82-84], KT AZERIE LR CE
TEREAIE IS EIBEF [80], IXLE4h IR AT AR H Y B A AR — B2y 28 m] DA A N AR S H ——
BHEER, H—2 R BEITHS EHE RN AR EER 2 X RSIEFE AR L FilE, N1 %R
ZEUE, BMNFEEE TP HENBIRERRT, 5B, KT LQG AR EZ 4N, Fdl]
BN SHET [45],

Spin foams as quantization of boundary data Spin foams are based on a lattice truncation. The basic idea
is to glue flat building blocks in such a way that Einstein’s equations are satisfied at large scales compared to the
typical lattice scale. The resulting spin foam amplitudes are a sum over geometric data in each fundamental
four-simplex [49, 85, 86] . Each four-simplex is flat and contains no radiative data inside. It is only through the

non-trivial gluing between adjacent four-simplices that curved geometries arise. Curvature is distributional
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and concentrated at surfaces dual to the fundamental triangles. In fact, it goes deeper than this: the traditional
formulation of spin foam models focuses on simplicity constraints at the vertices of the spin foam [87,88],
thereby restricting the geometry of boundary tetrahedra. One can take an equivalent point of view where
the simplicity constraints are imposed by selecting appropriately the propagator going between the spin foam
vertices, hence by controlling the corner geometry matching. This point of view adapted to corner and twisted
geometry is already present in [88], was further developed in [89], and shown to be extremely efficient in the
proof of spin foam asymptotics [90]. This twisted geometry perspective on spin foams was first discovered
in the context of GFT models for quantum gravity [91,92] where one witnessed that it is possible to encode

quantum gravity constraints by the right choice of propagator while keeping the interaction vertex simple.

TENID S EE & IR B HEIE IR B B IR TR i,  HEA AR R MG PS5 7 — i,
FEASEIZ AR T MRS s R R R RUEE B e 2 I E 75 R, B S 2R B iei IR IRIE 20 &1 5
VYT [49, 85, 86] ) LITEURERRA, BT RTEACZFHR, PNEAE SRR, Sk
HAEEE AR BT < AR MRS &7 2E,  iRB IR, S EEA =AM L,
Kk b, X—RIEHERERE X BGH BIEE R RIR AR T B e R TR AL fay B 2T
[87,88], MIMIRRHI 72 5 PU AR B T, FRATTAT PARER— DAL 383 0E e B 1 B iR
TR AR T HE AN R B PR, 2l il T LT PR SE B, XSRS A A LT R B4
HELESCHR [88] Y, JETESCHR [89] fSEIME—P kR, F HAE A IeiEIREHLAIER e 2 N
R [90], IXAH B BEIERRIHL LAY A SR MR E R T 5189 GFT BRE 7 N ABIR [91,92], 7
ZHER TANEI, o] DOEI IEMNERRLTER TR R 15 LR, RN CREFAH B TSR A,

What is missing? In asymptotically flat spacetimes, the simplest Dirac observables are the ADM energy
and momentum, angular momentum, and center of mass together with an infinite-dimensional algebra of
corner charges. The same happens at a finite distance. There are infinitely many corner charges that are Dirac
observ-ables on the physical phase space of a bounded region. These charges generate corner symmetries
such as super-rotations (which represent tangent diffeomor-phisms), super-boosts, and super-translations.
We have seen in section "Quantum Geometry and Corner Symmetry” that, even when we are in a vacuum
state, some of the charges such as the corner boost charges do not vanish. Therefore, a generic physical state
should carry a non-trivial representation of the corner symmetries. The problem with the usual spin network
representation is that the basis states do not carry the corresponding representation labels. We know that these
labels characterize components of the 4D metric at the corner. For instance, the generator of Diff( S ) symmetry
knows about the off-diagonal components of the metric in metric gravity [5] or knows about the torsion of the
Ashtekar-Barbero connection in loop gravity [38, 66, 71] . Another example concerns the geometry symmetry
encoded into an SL (2, R) edge group, as described in the next section. Its representation labels describe the
quantization of the tangential metric component [33,71]. Importantly, we lack a proper representation of
asymptotically flat spacetimes in terms of spin network states (see [93]), which carries a representation of
BMS symmetry. By connecting the boundary charges in a finite region to asymptotic charges at infinity, we
obtain a new perspective to this long-standing problem in the field (see [4, 94, 95] for this connection at the

semi-classical level).
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BRI 4?7 U FERNZH, REPRIIKHIRT IR ADM GE&E. shE. AR,
N L f BT TCRR4ER R, AR E R R, £8 R XIRWy AR L, FEL
55 2 MNME KL s P LI B A A FLAT, X B R AR AR N R, A ER: (IR FIIR). &8
boost M T, BME “BTIUTSAMNMRE" —HELER, EMELTEZS, 59 Hmf)
41 £f boost ML, Kk, —RAYYHEASI Y #Ew EF LANFRIERR, 18 HHEMLE
FORMFBTE T, BT R M RRIRS, BATANEIX SRR E 1 A AL Pa4E &7 &, fil
4n, Diff( S ) AFRIERAE RSO N E RS )RR A& (5], SORE S| A RER-E L
TR IIERR [38,66,71] o B— MBI T-ZIRFLTE SL (2, R) ILEEH I U AFRME, BOTSER—FN
H, CINFRRRERR T VIR EE S BN T [33,71], BB, FATEATEVD H B R4 A4
AR, #5H BMS NFRMERRENIL T BN B SRR (B30 [93]), R BRIX IS 34 F A 5 70
TR AR R AR, BT TRRE N RIS N K A A B M R 2 F M CRALE Y%
PR S [4,94,95] ),

By not representing these symmetries at the quantum level, we lose information about the quantum
geometry. In LQG, we have quantum numbers for internal SU(2) frame rotations and corresponding inter-
twiners, but there are no representation labels for the rest of the corner symmetry group. For instance, as
shown in [66], with SU (2) labels, we can represent the flux but miss SL (2, R) labels needed to represent the

frame.

SRR R FRE RN, BAIM S BZRE T UTHIE R, 7£ LQG 1, BAEH NHEE SU2)
RESR e e ) B RO I S8 SRA, (B A AR PE AR 0 5 A 0 LA FRRARES . BTN AN SCik
[66] FR, A T SU(Q) %, ATAIDIFTRER, (HE/DRTHERFITRT SL (2, R) b,

In [66], we have shown preliminary results on how to include the conformal weights and spin labels of
Diff (S) representations, see (21), in the spin network description. The main result is that these edge labels
control the gluing of states when we glue two elementary quantum subregions along an edge. It forces specific

spin network superpositions to enter, such as |A,sXA,s| = )} p;j(A,s) |j,m)(j,m| . These superpositions
jzs
arise from the matching of diffeomorphism symmetry which determines the weights p; (A, s) . Therefore,

having extra representation labels does not necessarily mean that spin networks are a wrong basis. It means
that no physical states can be supported on a single spin network state. Since the nature of quantum geom-
etry entanglement cannot simply be described by sharing an SU(2) spin. One needs extra symmetry labels
control what superposition of states is allowed when we glue two quantum subregions together. In other
words, the quantum geometry entanglement of subregions is considerably reinforced by the presence of dif-
feomorphism symmetry at the quantum level (As we have seen in section "Representation Theory of Corner
Symmetries,” the usual formulation of LQG contains only trivial representations of the diffeomorphism group
that do not create any new entanglement.). Ultimately this is what we want: the demand of invariance under
super-rotation, super-boost, and super-translation should constrain the admissible spin network superposi-
tion allowed in the edge gluing by requiring that these form representation states of the corner symmetry
group. The fact that after gluing the representation labels are matched is the expression that the Hamiltonian
and diffeomorphism constraints are implemented. So it should be now clear that not including these repre-
sentation labels in the construction of spin network states in LQG is problematic. It is therefore of utmost
importance to revisit the investigations of quantum geometry entanglement described in [45] in light of these

results.
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FESCHR [66] Y, FRATIEA T 40MAIE B HEMLE IR AN Diff (S) RIS B Febnic eI 45
R, WX 1) FELICZE, YBRMNNE—FIUREE NN EAR T AN, XEBRICEHIESR
K& EIRMEFATSIARERN BIeMZEM, BN A, s)(A, sl = Y pj (A,5) |j,m)j,m| o XLEE

jzs
FAET MO RIS FRIERIICAS, T R FRIERTE T o; (A, 5) o B, FHMURTRIRICIFA
ERE BHEMZ4 R HIRAE, T2 R B M2 BT R B E MR, X2ENE T LA
AR A B REf] BB H = — 4 SU(2) BIERIER. S|MTKE SR T XIS, TEH5
R FRFRIC RIS T 2R RSB, 5 2, 8KV B RS AR EEAR R R T
T XA R T LA QEGNERATIE “AXFRERRRIE” —TThERIR, ERF5INRERE AKX
AT S FIRREHF LR, RXERTRARTEEATHHINE), X EKIER AR ZER): X &
Jiek%., i boost M TAF P AEMERYESR, Nl BRI LS A M PR RN,  RIRIZ
K& IR AVFRI AR B e BN, e a2 pRiCH B ILAX — L, IERMRE AR S5
7 FAIRLTRIGEISCEIRI AL, KILIE R ATEREA H, R T 517 HiE B e SR A &
LFRRRC R AR, Rl RIEIX LSRR SR [45] ik Ay & 5 LATZH R 5 5%

HE,

For the spin foam models, we can still use boundary states which are spin networks. What the corner
symmetry analysis provides, however, is the possibility to constrain the value of spin foam amplitudes via sym-
metries. It is well known that in the presence of symmetries, path integral amplitudes satisfy Ward identities
which express the invariance of the quantum amplitude under a symmetry transformation of the boundary
state. We should therefore expect spin foam models and GFT models to satisfy such Ward identities. These
identities represent the quantization of the infinite set of flux-balance laws that arise from solving the Hamil-
ton and vector constraints. At asymptotic infinity, these balance laws turn into Ward identities, called soft
theorems, that put stringent constraints on the perturbative S -matrix [19]. This means that an exciting new
possibility for spin foam models is opening up: the possibility to identify the quasi-local generators of sym-
metry charges acting on the spin network states and write down the Ward identities that spin foam models
ought to satisfy.

X BheEAER, BT WPART AL SRS, a2 BEEMSs. EHAXNFTREIFRIERET, &
TR TIEI AR ML B BEEIRIRIBBUERT AT RE. ARFTER, SFAENPRIER, B RIE 2
RIEELEN, REFEXAR T B FIRIEED SRS RE FRAZEME, IR 5 415 A e
RERINIREIL (GFT) BN R RIREE R R, XL ETF R T8I ARG L A K &
LRSI TCSS 2R FHITE R E T, ENLsiit, X A NIk EE SN, Bk
NECER, BRI S FEFELS HARLIR [19], IXTRIRE BHEERBANIR T — < AfRas T AT
RE: BA 1A FTRERE (F FAAE B BEMZ S _ BRI RIBONFREAE T, FF5 N B eI oRARI R 4 i 2 1Y
RIEEER,

Classical Theory and Symplectic Structure

S 5 gk

We have already briefly discussed above in section “"Representation Theory of Corner Symmetries” how
LQG representation of quantum geometry naturally arises from studying the corner symmetries group appear-

ing in tetrad gravity with a gauge-fixed internal normal. The choice of this internal normal breaks Lorentz
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invariance and determines an internal SU(2) group. Our goal is now to show how a generalization of the
LQG representation of quantum geometry, covariant under the internal Lorentz group, naturally arises from
studying the corner symmetries of tetrad gravity. This result follows from a detailed canonical analysis of the

first-order Lagrangian for gravity.

BANEAAE LS “DFFRERFIRIE” — A E e, FFFTHREREE NIERARES | H
HELHIA S FREERT, B T51700 (LQG) WE T LAIFRRE A AREL, IEFEZNIRR SIS 2L
AN, FHHE— TN SUQR) Bf. BATHENBEFZRRER, WA MFRIRZRG I RSP, 8
RISENBACLRENZRIHET ik LQG BT LR, ZERIAT X —Rr5 | rhis B H &R0 E N
3o

Let us consider a tetrad 1-form e and a connection 1-form w! with curvature F*/ . These fields can be
used to build the Lagrangian 4-form for Einstein-Cartan-Holst gravity

BAFE— DR 1B f FI—Dalih R P S 1-8K o o AT DUHIXEEGITIE 2 KHE- R
H-B/RETRE S RS A H 42X

1
Lgcn = §EIJ AFY, Erple]l = (k+B)(er Aey). (22)

We are going to focus primarily on the symplectic structure of this Lagrangian. In its analysis, a crucial
role is played by the internal normal n! = n/‘eﬁ obtained from the time-like normal n* to a space-like hyper-
surface Y, . This normal is such that n'n; = n#n, = —1. The importance of keeping track of this normal in

the phase space was already recognized in various contexts in [63,79,96-101].

AR R EEF XS B H & RE854, £t fEdh, ma8=si@hm > BRI R n# B2
A n! = ntel EEICEIER., ZIERRRE nnp = n#n, = -1, HZAPFEREIZEAEZ
%, BETE [63,79,96-101] AR = AHSEIAR],

Using the internal normal, we can decompose the Lorentz connection as

A AIRR], Bl TA] DORT AR ZA Bk S 70 # -

w!? =T —2kIp!l dpn! =0, dyn! = K. (23)

We also decompose the pullback of the tensorial 2-form E as

BANERe K& 2- 7K EY BhLE 2

EHIZ = —2EUnl + (el A &). (24)

As explained at length in [33], with this decomposition the symplectic structure of the ECH Lagrangian

becomes

140 [33] HiEAmdReny, @Iz R, 2 REHH--RE-ER TR (ECH) fukg B H &= A2 4549728 09:
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Qpcn = f SK! A SE; +9§ <5E,5n1 - gae, A 5e1). (25)
> S

One can see that the normal appears in the boundary contribution and also that the frame is conjugated
to itself on the boundary due to the non-vanishing Barbero-Immirzi parameter. To interpret this result, one
should notice that the bulk term is nothing but the symplectic structure of canonical gravity. Indeed, with a

slight rewriting, one can show that [33]

AIDVEE, FRAMIIEIL S, H BB TERS-JERRFTBEARE, RERR LB, N T
frezai R, BANFREER, RUUERIENSIIREE, 5Lk, MBS HEAT DOER [33]:

/ SKT A SEI = / 5(K X e)I A 591 = %/ 5pab5hab = Qgr> (26)
% % )X

where p® = y/h (Kh® — K%) is the usual momentum density of the ADM formulation. In summary,

we can write (25) in the form

HH pb = \[n (K — K0 2 ADM FIRHEMEIREE, 41, RATATE (25) 5 AW FK
Rs

Qpen = Qgr + QgCH/GR’ 27)

where QﬁCH /Gr » Which is the boundary contribution in (25), is the relative boundary symplectic structure
between the ECH and canonical formulations of gravity. This is the main message of [3], namely that any
formulation Ly of gravity has a symplectic structure which is of the form Qp = Qgg + Q3 sor - The bulk
symplectic structure is universal and encodes the fact that the theories being discussed are general relativity,
while the boundary contribution is formulation dependent. Even if ECH gravity (22) is equivalent in the bulk
to general relativity, it carries a specific boundary symplectic structure.

Hrb QS o B (25) FIGARTE, 2 ECH 5 NZOARIEN S| FR 2 MRS R, X
B SCIR [3] BURRDILE, BMERES [ NFA Ly RSN Qp = Qog + QS o o ThTEEHIEA 1
SEIE, (KB T BRI SRS —BLRHE, AR RN ELA AR, FME ECH
517 (22) FEARICBREEG T SUHIRHE, B Wi SR S v 4,

Our goal is to understand the physical significance of the boundary symplectic structure (25). This latter
is responsible for the appearance of non-vanishing charges for Lorentz transformations, and, as we will explain
shortly, for the non-commutativity of the tangential boundary metric (which in turn leads to the discreteness
of the boundary area). Note that studies of the relation between the Einstein-Hilbert and Einstein-Cartan-
Holst formulations through a boundary term in the symplectic structure go back to [102]. The emphasis on

relative charges was made more explicit in [10, 103].

FATH) EHARR BRI SRR L5 (25) MIPDPERE o XG5 R ISAC 2R AFAEAR T AT VIR A, FF HERAT]
MU, ERSEYIAGFERRN S, Xk R mRaE st EREE, @l
SR 32 SR IURAE 5 22 ] 0 4E -1 7R ARV R A 2 (A i 1 3H - /R TR AR 2 (AL S 2R ) A T
PREHAZISCHR [102]c XA 175 VA FE SCHR [10, 103] FH152] 1 S BARHRI AL,
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Charges and Discreteness

foj 55 BRI

First, let us stress that the treatment presented here is in a sense orthogonal to the usual approach to
canonical LQG. Indeed, in standard treatments of LQG, one focuses on bulk variables, and in particular the
contribution of the Holst term proportional to 3 is used to build a bulk connection variable. This is made
possible by the identity Ad (e; A Sel ) = B (e; Aey) ASw! [e], which holds on-shell of the torsion equation of
motion. In the time gauge where n! = &}, this reduces to Bd (e; A Se') £ BEAST] [e] , where i is the index in
the 3u (2) subalgebra of 3o (3, 1) which survives the fixing of the normal. This is the identity that enables, once
the Holst term is included, to define a bulk Ashtekar-Barbero connection variable conjugated to the electric
field E . Here we wish to shift emphasis from the bulk to the boundary and therefore keep the contribution

of the Holst term in the boundary symplectic structure.

B, BATESRNE, ASCA AP RS AE X S IENE R T517) (LQG) HIH 75 A B AL,
Khr b, £ LQG RPN, WM R 2 , JUHBIET g RIBE/RITHRs Tl o sk kA
RS LR, X—RZRAL, RENIEFERX Bd(ef A Sel) = B (er Aey) A bl [e] TEHERIZEN
FIRRHIFE ERGL, FENRIRVE nf = &) T, &IEZFRLIMN Bd(e; A Se') = BEST [e] , HrbifZ
80(3,1) B9 8u (2) FRECTHENR, ZFRECEBREEAERE, ERXMEFXESETIANER
Wire s, RERSE 5 H E HHERIART ht - UIPEBRGE R, AR ERITRERME
FRREENAS, KRR BRI DRI S 45 E BTk,

The fact that the symplectic structure of ECH gravity differs from that of canonical gravity Qg by the
presence of a surface term has the important consequence that it gives rise to a new set of surface charges.
These are the charges of the internal Lorentz transformations acting as 8, V! = —al; V7 for VI = (EI, nl, el
and 8!’ = d,a! . These charges are obtained as usual by computing the contraction I,Q , and their explicit

expression is

ECH 5| I HIEEHE 5 NS B9EE5H Qop AR, XKAETFE—MREI, X—MERATEZES
WRERTE-ARRER, XERZNERISCRL IR, ZIERN s v = —al;v7, Xt
R VT = (BT, nl,e") I 8qat = dyal’ o IXEAA] DAGOE s T 45 1,0 158, HEXFKIX
W)

G () =/ EY Ad,a;; é¢ oy EVY =¢ arr (B(ef AeT) —2EIRT).
) s s

(28)

These boundary charges are the Lorentz covariant version of the SU (2) charges (16). They have also
been discussed extensively in the context of black hole entropy counting in [64]. It is important to stress out
that these charges are purely relative charges, in the sense that they are produced entirely by the boundary
symplectic structure in (25). This means that, as expected, metric gravity with the symplectic structure Qgg
does not possess Lorentz charges. This is the key property which differentiates, already at the classical level,
LQG from any metric-based approach: it possesses extra surface charges that give rise to the basic surface flux
operators. We have here presented the covariant formulation with an arbitrary internal normal n! , but in

LQG the normal is fixed to 6} and one recovers the SU(2) fluxes (16) whose action on states is (19).
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XD SU (2) fif (16) BITEIE XA, EMTHELAESCHR [64] BISRTRRHHLH 3= N
Zihig, FRERFRR, XEmAE RN, EMEelX (25) PR EE7E, XERE,
BT, AL Qor FIEMSI A EERLER, X2 ELMERMEZX 7 LQG it
AT LA 7T IR R R BEME DU LQG A RSN REI ], XEHMIMRE A ATE D 7 EA R R HE &
B, BAMEXELAH TERNERER of THIHERR, (H7E LQG HERBIEE N &), MK
ITe] AEE TS5 SU(2) il & (16), HAEZS RAERRK (19),

We now turn to the main result obtained from the detailed analysis of the boundary symplectic structure,
which is the discreteness of area implied by the presence of 8 # 0. In [33,35] , we have decomposed the six
components (There are six components because e;,n; = 0, and on S we have a = 1,2.) of the tangential frame
el at the surface S into a so-called spin operator ST = % B(e x e)I and the tangential metric q,; = e{le{)m 7.
The spin operator is the SU (2) flux E* written in the internal Lorentz-covariant form. Equipped with this

decomposition, one can show that the tangential metric satisfies the 3[(2, [R{)S algebra

BATIERB G SRS RN TS B EZEER, HalE B # 0 A ERD R T HARRTE AL, £
[33,35] 1, FA10E T il S UIRESE ef, RN &8 (FFAEN DT REZRE N ehnp =0, HAES B
116 a=1,2), HHAMHNFTENARESR T = %,B(e x e) FIVIEER qqp = ehelny o EFEEATR
5 IRAAC T SU () T E . BTIX—20, AT UERIYIE B E 812, R)® 12K

1
{qab (%), qea W)} = Y (dacEbd + QbcEad + dadEbe + Abatac) (X) 8% (X — ).
(29)
This is in line with an earlier analysis carried out in [70,71] in the SU(2) gauge fixed formulation. This im-
portant result shows that the corner metric becomes noncommutative in the presence of the Barbero-Immirzi
parameter. This shows the tangential metric component of S is the 31(2, IR)S generators. One can then show

that the quadratic Casimir is given by

X5 BAI{E SU2) IEEIERIR [70,71] 5ERREI AT —8, X—EHZEERRY], FAECID-fK
HFFSEN, AU R B JEX B . XA S I RS R 81(2, R)® AE AT, M AT LAERA
“IRRTRREH TS

Csiar)s = B2 det(q). (30)

Since the metric is that of a two-dimensional space-like surface, the determinant on the right-hand side
is positive, and we conclude from this relation that the 3[(2, IR)S Casimir is positive as well. This indicates
that the surface area spectrum has to be labeled by the discrete series of representations, if we were to label

states by unitary representations respecting the boundary symmetry structure.

TR B A B, AIRTIINIE, BT RAES 812, R)° RIRK/RE
WONIE, X, WRBAHEIEE E D TSR H L EFTRRIRICA, AR AR A 2675 i B AR
FoRFHIFRIL

Note that in order to make this construction rigorous, a regularization of the corner algebra is necessary,

as outlined in [70]. A treatment that also includes diffeomorphism symmetry on the sphere is also required,
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along the lines of [34, 36,38,43,66] . In particular, in [43] a regularization in terms of spherical harmonics
with respect to a fiducial metric at the sphere was introduced as an example of a regularization which does
not involve any discretization. In [36] such a regularization was shown to be equivalent to a matrix model
regularization and arising by rendering the corner sphere non-commutative. This is ultimately related to the
understanding of quantization of diffeomorphisms in the corner symmetry group and the role of the dynamics.
We therefore now turn to a description of the dynamics along null boundaries and show that in this context
we can also obtain the discreteness of area from the canonical analysis of null surfaces.

THER, N 7IRZME ™, [0 [70] REBRRTAREE, 0N A R REGETIENIL, JETR R LI
[34,36,38,43,66] HIEHE, A ABREAIR T R FRACE, BAKTTE, [43] 51T — R T BRI
FL M R A BRIE R BAENIE, (BN AT BRI IENMORB, [36] FHUERIXAIE NI T
FEREREALIENI(L, PR 1EA RBKE ACNARN 21, X R RN A s PR B o0 (R R & - DA
N7 E R B, IR, FRATHE T RGN BRI %, FFERERERT, FAIREAE
A DA IS0 28 b o ) L ) oA = 2 e A S s

Null Boundaries, Isolated Horizons, and Fluid Conservation Law
2y LT | YA RS Y 1 B IE W

In the previous sections, we have discussed the representation of the corner symmetry group which con-
tains the symmetry generators with vanishing flux. In order to understand the dynamics, one needs to de-
scribe the representation of the extended corner symmetry group and include the super-translation generators
that move the corner transversally. It has proven invaluable to focus on the representation of null super-
translations and study the gravitational dynamics projected along null surfaces and null horizons. There has
been a rich literature of the subject dating back to the membrane paradigm [104], the study of isolated hori-
zons [54], and more recently the dynamics of null surfaces, the construction of the symplectic potential, of
the symmetry charges, and their understanding in terms of Carrollian geometry [94, 105-112].

FEZHIETH, FTMEENE T EEE N TR STTHI AR TR RR, 0T BEEh
N%, BT BHRY RAXFRIER TR, HE S MR sIAIE ARt HATEAIEE,
RETREEETFRNRR, TR thmmE s B s el h 22 E I ER . %38
EAERBIIFACER, RENEMZIETER [104], ISZASTHITE [54], UCEERNIKN 522 dhmsh /)
FOEEE, MARMERIE, PAETRBRIUAN X AR ATERAR [94, 105-112],

Carrollian Fluid Conservation Law
v U id ' s
REIR LA IEE
In this section we study the geometry and dynamics of a null boundary V. On a null boundary, the

pullback of the four-dimensional metric is degenerate. The degenerate direction is the direction of the null

rays that generate the surface. This null direction is in the kernel of the induced metric
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AT, FNPTRZOEAF N WIUTSBh 1%, £IOCLR E, W4 RERNEIZIBLE, B
PET5 TAV R AL O A T A SO L TT 0], IRXANZRIETT RIE T4 SRR

dab = PnEabs €*qap = 0. (31)

Any such null direction is unique up to a local rescaling sending (We assume that ¢¢ is the future point-
ing.) ¢ into e*¢® . Mathematically this means that V" is a fibered manifold with fibration p : ' — S . The
null direction ¢ is in the kernel of dp (push-forward of p : V' — S), while the null metric q,; can be under-
stood as the pullback of a time-dependent metric g5z on the base. The Lie derivative of the metric along ¢

decomposes in terms of the expansion and shear of the null surface:

(RN EIOETTIAE R FREARE AR ME— ), BRI 00 20 eted (Ff1RiZ 6@ 151
ARK)o MECEE LU, IXEHRE N B4 p 1 N - S NL4ERRTE. 267510 ¢ BT dp (
p i N — SHIHERT) B98%, MZOLHER qqp AT DABRAR YRS B]_R AN AR & gy p ORI, FE =
I € B9ZE AT DIAE S th T RIBZ AR AN ) 22 70 i

1
Oab = zﬁéqab = %9 + Oap- (32)

Note that the degenerate metric q,;, determines a spatial area form eg on NV such that i,eg = 0. Moreover
the choice of a null generator ¢ determines a volume form €5 on N which is such that iye)s = €5 . The
expansion relates the two forms through the identity deg = B¢, .

T RDEALRE R g 76 N ERIE T — DEERER e, WIE ies = 00 HAN, HERIOEERIT
0 2HEN FHE—MAETER ex , W ipeyy = e 0 HOBITIESR deg = Gy HBOXFTRIE L,

In order to construct a connection on V' and describe the dynamics of null surfaces, it is convenient to
introduce an Ehresmann connection. This is a 1- form k, dual to the null vector €% : k,£¢* = 1[113,114]. The
Ehresmann connection defines a notion of horizontality, where Y is a horizontal vector field on N ifiyk = 0.
A general vector £ € TV can be decomposed as £ = T€+Y , with Y horizontal. The Ehresmann connection
also allows to decompose the volume form on NV as €5 = k A €5 . The data Cn = (qqp, €%, kp) represents the
Carrollian geometry of V" . This data defines a rigging structure [115], i.e., a projector IT,> = q,° + ko ¢? ,
where q,? is the horizontal projector #%q,> = 0 = q,%k;, . The presence of a rigging structure allows us to
uniquely raise indices of horizontal tensors. For instance, given the expansion tensor 8, , the tensor 8, is
defined as the unique tensor such that 8,°q., = 6,5 and such that 8,°k, = 0.

HTHEN FAEERG IR IO B 1%, SIANBRER SE 2R N, X2 — M HET
TR 09 kat® =1 1 13 kg, [113,114], BREHTEEEE L TS e ivk =0,
My 2N _ERPKEREY), EREAEE e TN #R BN E= Te+Y, HP Y BKFESE, &R
FHH BB RFRA T N EREBIE RSN e = k Aeg o BHE Cr = (qup, €% kp) TR T NV
B BRI, ZEdEE X T —PNRESEH [115], BI—MEEET 1,0 = q,° + k6P, Hfq,b 2
I ET 09q,° = 0 = q,%ky o RELEMNIFAERVFBAIE— A Kk EfEAR, Blan, %4
EMKIK R 6, , K& 6,° B X NIIE 6,°qey = 6,5 F 6,0k;, = 0 HIME—K &,

The rigging structure allows us to introduce the notion of Carrollian connections D, [110,112] . These

are torsionless connections that preserve the rigging projector: D,IT,¢ = 0. A Carrollian connection defines
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a 1-form w, on V given by the derivative of the volume form:

KA ARVFEATT AR BRI HIMEE D, [110, 112] o X R RFFR BB SR I JCHRERSS: D,IT,¢ =
0, RERERBIEN LELT =1 18K 0, , HRERNSEE !

Dyen = —wgaEx - (33)

This 1-form can be decomposed into a transverse and horizontal component as w, = xk, + 7, , where 7,
is the Hajicek connection, while x is the surface gravity measuring the inaffinity of €., can be understood as
a boost connection since, under the boost rescaling ¢ — e*¢ and k — e~k , it transforms as w, — @, + 951
. One can then prove that the boost covariantized derivative of ¢? and kj, is horizontal. They define the

expansion and transverse expansion tensors

% 1- ] LA g outiia) o BRI &, Bl w, = xky + 7y, HH 7, BEFUITCEREE, T« 2
18 0.0, AEGFHHERIZRIE S| 1, AT CABEREA boost kLS, RIATE boost BARE ¢ — eé Fl k — e 2k
T, BTN w, > w, + 0,4 o BETIATBAERE, €° Fl k;, # boost PMEFEUZK T, EAME N T
RSB AR AR KGR 2

(Do — wq) €° = 8,1, qu° (D + ) ky = 6. (34)

The Carrollian connection preserves the metric when derivatives and tensor indices are taken to be trans-

verse directions. In general, one has

= FUANK B IR T AR, RBURBRGE R, — Mok, BATH

Dqqpe = — (kpBac + kcbac) - (35)

We therefore see that the Carrollian connection compatible with the Carroll structure (qab,éb, kp) is
determined by the boost 1-form and the transverse expansion (coa, Ggf,)) . It is well known that the projection
of Einstein’ s equation along the null surface leads to two sets of equations: the Raychaudhuri and Damour
equations [116]. These are given by

FILRATAT LB R, 5 KB IREM (qap, €°,kp) THAEKF D /RERZE HT boost 1-% 2 1 [ fik
(g, 65)) Do ARFITJEL, 2 DRI T E 75 AR A TH A HE R 48 HH BT 7 P R TR 5 R A A
IRTTRE [116], HIEA N

(¢ +0)[8] = ub — gy,0°, (36)
Qab (Lo +6) [nb] = Da/" - Dboab’ (37)

where we have introduced the surface tension u := (K + g) of Nand D, = q,”D}, denotes the horizontal

derivative.

HARMBIAT N MEGHKH = (K + g) , D, = q,D, T ESH,
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As shown in [107], these equations can be understood as conservation equations of corner symmetry
charges associated with super-translations along S and diffeomorphism along S . The corresponding charge
aspects are feg for super-translations and 74 &g for super-rotations. These two equations can be understood
as conservation equations for Noether charges with non-trivial flux as in (4), where the symplectic potential

(This expression is valid in the boost frame where k,6¢¢ = 0.

IEANSZHR [107] Fi7R, IXLET5RERT DABRARON S8 PRSI S © o [RIRRTS S AHSCH A X AR M fr Y <518
Titee XMNAIE T, @EFEN Oes , BHEFEN maes o IXMDT5RER] DA N A IR B R
VERHRTEYSFETT R, W03k (4) PR,  HAaess (% FRAAE k,860¢ = 0 B boost 275 R AR,

The boost transformation is pure gauge in the metric formulation of gravity, while it possesses a non-

trivial charge in the first-order formulation as we are about to see.) on NV is given by [11, 106, 117]

Boost ZEHAE 5| 1 R ARIRHRAEHIVER, (HIEMIRMEIHEREN, efE—MREAFEGIEFEAL
filo ) TE N _ERYFRIETN [11, 106, 117]

Op = f (% (0% — uq®) 5qqp — 7ra5€“) En- (38)
N

From this, we can read the canonical conjugate pairs of spin-0 (u, \/c_]) , spin-1 (74, €%) , and spin-2
(Uab’ Qab) .

R TTT DABRE T O (/@) « EIBE 1 (g, €%) FTETHE 2 (00, o) HITEMIEATRS,

Quite remarkably, these equations are now understood as conservation equations for a Carrollian fluid
[109,110,112]. The Carrollian fluid stress tensor is given in terms of the rigging structure and the Carrollian

connection simply as

IR ESERRR, XRETEREREN R /RAARTETRE [109,110,112], RZ/RITARIRE
JE 5K & AT DA R AL R 2 /RERES i AR

TP := D¢ —11,PD.¢¢. (39)

The tensor D,¢° = w,¢? + 6,7 is called the shape operator or Weingarten map. As first shown in [110]
(see also [112]), the Einstein equations pulled back on V can then simply be written as fluid conservation

equations

KB Dat? = wa? + 6,° WHNPIRE FEIMRINBELLSS . E4ASCHR [110] & UOERAR (IR [112),
Pl 2 v (12 R 75 A2 R] AR B S O A <y fE 75 12

0,°G,, = D, T,P = 0. (40)

This generalizes for null surfaces the celebrated Brow-York result [118]. In [112] it was shown that these
equations can be obtained from the gravitational symplectic potential and that the symmetry charges associ-

ated with a vector field £ tangent to N are
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XK A4 Brow-York £52R [118] 42 7 2ehm, Sk [112] R, RXETTREAINGIT12EHS
th, BHS5VIT NBRED E KRR FRE N

Q(®) = f £1Tpgy, (41)
S

where ¢, = is,€x . The Carrollian fluid energy-momentum tensor can be decomposed in terms of the
quantities defined above as

Hb g, = ig, e o FERAMNRERSIRIKE R DU ERE HIR N

T,P = —0kot? + m,6P — uq® + o, (42)

This energy-momentum tensor can be interpreted as that of a Carrollian fluid obtained from the c — 0
limit of a relativistic energy-momentum tensor. In this fluid analogy, 6 plays the role of the fluid energy, 7,
that of the heat flux, —u of the pressure, and oy, of the viscous stress tensor. We therefore see that it is not only
the representation theory of the corner symmetry group that leads to a two-dimensional fluid analogy but also
the gravitational dynamics along null surfaces in agreement with the membrane paradigm [104]. The notion
of non-expanding horizons [67,119] can now be simply understood in this modern language as a perfect fluid

where the energy 0 and the dissipation tensor o, vanish.

ZAE R BN R IK 8 ] DRV IERE R ) BK B ¢ — 0 WIRTGEIR R P/RITARIGER D) R K &,
FEIRXNASELLH, 6 IrTEMIARERRIA T, m, BRI, —u BIEH, ogp SRSHHN TI5KE, HtA]
W, AMUARFREZORIICRE T H —dimAcktl, 2oedhm ERSIhs i Ath RN, X5
iR [104] —BL ARRZAALSRAINES [67,119] BIAERT DARTIXEILAUE = A SR ER o RE R © FIAERIUK
B oqp AN FRIEARIIA,

In order to connect these results to the LQG literature, we now translate the analysis of dynamics on a

null surface in terms of tetrads and connection variables.

N T RIXEESE IR 55 | ) SCHRER B EE R, FATTINTE A FRZRANER 48 28 B onf SO thiai bz )2
HI53HT

This will allow us to understand the role of the Immirzi parameter and show that a non-zero Immirzi
parameter implies a discretization of the spectra of the area operator which is the corner charge of internal
boost symmetry. We also show that the spinor variables are naturally quantized as Fock space variables. These
results are the null slice representation of the results derived in sections "Representation Theory of Corner
Symmetries” and ”Classical Theory and Symplectic Structure.”

XA TR OORRFFSREIEN, FIERAEZROCK/RST S B0E A IR AT A0 2 B R
TSR /2 PIHE boost M FRATA T, FATIEUERTTE R & A ARHZAE e AR B R I, IXEER
2 RNIREFREIE” R “SUEIe Sk T SEIERIZOTI AR,
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Boundary Frame Fields and Boundary Lagrangian

R STES U I B R

Loop gravity is based on the Einstein-Cartan geometry. Just like we have triads and tetrads, we can also
have orthonormal co-frames intrinsic to the null boundary. The intrinsic metric is positive semi-definite and
has one degenerate null direction. We introduce co-dyads m, and m, € Q! (V' : C) that diagonalize the

signature (0 + +) metric of the null surface

5 hE T2 - LA, IENFATIA =0 828 B2, Bl rl AR 22014
FRNZERIPRIEIE SRR, 2O R NEERZHIEER, A NIRRT, BMI5IAR=
TelE mg Ml mg € O (W : ©), ENTAPRZOEHIE T2 (0 + +) EEN AL

Qab = zm(a)mb~ (43)

Given qg;, , the co-dyad (m,, m,) is unique up to a local U (1) transformation sending m, into €¥m, . This
transformation will play an important role below. Besides the metric q, , there is also a canonical 2-form at

the boundary, namely the area element

R qap , R_TCIR (mg, my) FEJRER U (1) 2 RME—, IR m, BRESN e9m, o XIS
TE T GERIEZEIEM, BRER q4 S, BR EEFEE—DEN 298X, HEAUT

Eap = —Zii’}’I[anb] . (44)

The oriented area of any two-dimensional cross section S of V" is then given by the integral Ar[S] =

—ifgmAam.
R 4B S AT v BE AT B Ar([S] = —if gm A m 2t

The loop representation is based on quantum states that carry half-integer spin labels. Rather than work-
ing with Lorentz vector-valued p -forms, it is therefore more natural to work with a spinor representation of
the frame bundle. Using the soldering forms o4’} between Lorentz vectors and spinors, we map Lorentz

vectors into pairs of spinors,

BIFORETH PR AL R T8, B, HERTAHESCEMEE p B, EHREARN
HERFRENER, BRI RSIERZ MR R 044, IS CRLm RS iR
Xt

VAN = LAyl T = g, TyAA (45)
5 5
Under this map, the Plebanski 2-form EIV = e Ae’ and the SO (1, 3) connection w™ split into left-handed

and right-handed parts. We can now move to the construction of the boundary Lagrangian.
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FEFATAT DIOHAIEID SRR H & T

In the spinor representation, the action neatly splits into left-handed and right-handed parts,

fERBEIOR T, ERREL N ETE D S5HTERD,

SM[A,e]z[ﬁ(y+i)/ ZAB/\FAB]+CC. (46)
M

We now need to explain how to couple this action to a boundary that is null. First of all we note that the

pullback of the self-dual 2-form }; , , onto the null surface

DREBAHR Z AN PR % E B 52000 S, EeBMERSI BN 2-8K ), 5 30t
16l NEAL]

¢}<\sz3 = e(A A n7l€B) (47)

These boundary fields have a neat geometric interpretation. The spinor €4 is the square root of the null

generators of V'. If e4 4/ is the bulk tetrad, we have, in fact,

XLETh 5 A TG MW T LRI ERE: T & ¢4 2 NV FOERERIITE TR, 1 eqn R EARSE, LR
EEATA:

_A/
Pila =0, €q =ieqnat2e . (48)

The 2-form e4 A 1, on the other hand, encodes the rest of the intrinsic geometry of V. If we contract,
for example, e4 A i with #4 , we obtain the area 2-form,

577, 2-FER eq AmGRIET N HAREINE LA, B0, E¥ ey Am S o2 G5, BATHAERS
Fmmf 22 =,

€ =1iey, AMEA. (49)

It is possible to show, see [100], that one can recover the entire intrinsic geometry of the null surface from
Na = eq Amand ¢4 alone.

AT DAIERA (2 WSCHR [100]), 1XM na = eq A F €A AT DU H 86 i ) 2 BRI 2 LAT,

To introduce a basis in the spin bundle, we introduce a dual spinor k, , whose square returns the Ehres-

mann connection introduced earlier in section "Carrollian Fluid Conservation Law,” i.e.,

NTHTERMGIAN—EHEE, BAIGINHEIER ks, HPTTAHET “FHRSORESFIEER” /N
W5 NSRS 25k4s, B
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k, = —ieA Jkk 4/, suchthat k,é4 = 1. (50)

In terms of this basis, the spinor-valued 2-form e4 A m admits the decomposition

e (E 2-TE 3K ey A m A DATEIXAEEL N o fifh

eA/\n7L=—(€Ak+kAm)/\ﬁl, (51)

where k is the Ehresmann connection on the null boundary (now viewed as a 1-form intrinsic to V). The

curvature of this connection determines the Carrollian acceleration ¢ and the Carrollian vorticity w [112, 114]

Hrp kB2 R ERSRER SR (MU NET NV B9 1-FE8R), BRI ERIE T /R
HEEE o AR E w(112,114] 6

dk = —pk A 1t — ok A m + iwm A . (52)

The exterior derivative of the U (1) dyad m, , on the other hand, determines a U (1) connection I and the

shear o and expansion 6 of the null boundary via

B—JHE, UQ) —EXE m, WNSFECE W N ARBE UQ) B T, DAURZREREIY] o F
fihk 6

dm:—iF/\m+%9k/\m+ok/\m. (53)

Taking into account the Frobenius theorem, we thus see that for non-vanishing shear, there is an ob-
struction to find a potential for m, . If there is shear, we cannot find a holomorphic coordinate z : N' — C

that would satisfy m « dz .

SahP e BrE BT, NTHEZEY), FAEMRRIRIFI m, BHIER, GFEAEY), il
TIERENH R m « dz [ 2aibrz : NV - C,

Derivatives of the boundary spinors are important as well. Without assuming special boundary condi-
tions, the only available derivative is the pullback of the SL (2, C) covariant (exterior) derivative from the bulk.
We call this derivative D = @3-V and it provides a Carrollian connection as explained in the previous section.
Given the spinor basis (kA, €A) at the null boundary, the spin coefficients are

IO IER A SRR R, N RBRRIL R EARERT, Me—a] FHESEBOR MRS EHLE
SL(2,C) th2 (41) S8 BATRIZFEFRN D = 94V, W E—TATR, BAH TN KB IRELE,
BRSNS ERRREE (k4, 64), TERECHN

k,D6A = %(r +iw), (54)

0,D0A = — (%Gm + om), (55)
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kADkA = —% (G(k) - ILU) m— (_T(k)n_’l + (a + 7_f) k, (56)

where the 1-form w € Q! (IV : R) encodes the non-affinity x of the null generators ¢ as well as the

momentum aspect 7z, of the Carrollian fluid, i.e.,

Hr 18X 0 € Q1 (V@ R) Fifid 7HAERTT ¢ BRI «, ARRD/RIGARN &7 7, , B

w = xk +7Tm + 7. (57)

The 1-form w € T*N determines extrinsic data - it cannot be obtained from exterior derivatives of m and
k intrinsic to V. In the same way, the transversal expansion 6= q°®V ,k;, and the transversal shear Ok =
membV 4k, are extrinsic quantities on V (Here, we extended the boundary fields #¢ € TN and (k,, mg, ,) €
T*V into a Newman-Penrose null tetrad (k¢, €%, m?, m?) in a neighborhood of V" such that qab = m*m*+
cc.). In the following, it will be useful to combine I" and w into a single complexified boundary connection
A € Q' (V : C), which is given by

1ER 0 € TNV #E THNEEHE—ETTEMNNET N B m Mk FSMNFEASE], FRIE, ek
ik 6 = q90V .k, MIREFIBIY] 0y = mOMPV ky B N EIUSNELR (AL BATEIAT 62 € TV F
(ka» Mg, g) € T*N FERE] IV BRI -2 B WMk (k, €9, me, m?) , 15 q°° = m*mo+
cc.)o £ NXH, T Mo HENANEMIAFELE A € Q' (V1 C) RHRMEN], REESH %A
i

A=—-I'+w—06k (58)

The boundary fields carry a representation of the boundary symmetries. First of all, they are clearly
covariant under internal SL (2, C) gauge transformations and dif-feomorphisms that preserve V' . This is
trivially so. Then they also admit a complex-ified U (1) symmetry that acts on boundary fields (¢4,A4,0) —

1 . .
ez M PpA AL d(A+ig),eM?%0) , where ¢ is a U(1) gauge parameter intrinsic to N and 1 generates

internal boosts.

RGBSR TR, B2, SATRIATEGF N KPS SL (2, C) MG BRI FIRE FHy
25, XRRAN, HR, EIHBRYHERTELRS (64,4, 0) > (ez<ﬂ+i¢>eA,A+ d(L+ig), %)
AL U (1) KRR, H g BT N U Q) SIS, 4 ARIES boost 5K,

At the null boundary V', we now have to choose specific boundary conditions. At the kinematical level,
the bulk fields e, and A% are completely arbitrary. What is kept fixed is a gauge equivalence class of

boundary fields,
ERBIHA N b, BRAMIEDTEEREID A EM, EBIEEH, K3 eqn 1 A% E2TE,
CREFE 2 B L A FITEE 2R,

g=[mA,0]/~, g=0. (59)
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The equivalence relations that define this equivalence class are diffeomorphisms of the null boundary,
complexified U(1) transformations, in addition to the following shift symmetries and conformal rescalings of
the boundary data:

T SORSFRHI N R AR TR RIE. B U) 22,  IANEA DU SRR
R FRPERI LT AR :

[m,A] ~ [mA+2yi ] ~[m,A+§n‘1+Em],~[efm,A], (60a)

where the 1-form a and the function f are real, but ¢ is complex. It is easy to check that this equiva-
lence class is determined by two local degrees of freedom along V', i.e., the two local degrees of freedom of
gravitational radiation along a null boundary.

Hrp 1B o fHREL fONSEE, ¢NEE, AHERIE, ZEMZEEH v 75 RHRAD RS B EE,
AR50 5% 51 RS RN R B

Given the boundary conditions (60), the corresponding boundary action [72] is

BT INFEEAT (60), MMHHFHEM R [72] N

0
Sy = [SnyG(y-H)f eA/\m/\<D——A>€ —ZeA/\eA/\m)]+cc

(61)

This action has a simple structure. The first term is just a gauged kinetic term for a configuration variable
¢4 , which is charged under SL (2, C) x U (1), and e4 A m is the corresponding chiral momentum variable.
The second term is a simple quadratic Hamiltonian. The coupled bulk plus boundary action is the sum of the

two terms

ZAE REA B 58— DU & o4 HURITESNREDT, ¢4 ¥ SL(2,C) X Uc (1) FHIf, eq A
NN TFES) R R ; 5 IO M AR IRIGER, MErEIna e MLz

Sbu1k+b0undary =Sx+Sn- (62)

Notice that the shift symmetry (60a) depends on the Barbero-Immirzi parameter y . In fact, variations
of the boundary action with respect to the boundary 1-form « € Q! (V' : R) impose a constraint, namely the

reality condition

BCPRRFREE (60a) MRET BT -PUREFFSH y o Khr L, BFUYEAENER 1 B o
Ql(N R) KD R H—NLIHR, BISEPESRMF

c=c¢. (63)

From the variation of the boundary spinors e4 and #4 , we obtain additional boundary field equations
that propagate the boundary spinors along V' . The resulting boundary field equations can be written in the
following compact form:
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WIS XD TR ey T 04 227y, BANSEIFSMTILF TR, HRME v B R, [SEIRD
Fii7 7R A] DS Rl R B B0E

m/\<D—%A>€A=geA/\m, (64)
(D + %A) Aleq A1) = 0. (65)

If we take into account the decomposition of the spin connection with respect to the spin frame (kA, éA)
, it is easy to check that these boundary field equations are satisfied on any embedded null surface. This is
important to note, because it means that the boundary field equations impose no constraints on the free data
along V'. In other words, the boundary field equations (64) and (65) can be satisfied on any three-dimensional

null boundary.

GERFRATIE 1 B DR T B IERZR (K4, 04) R0, AHERIEIX £210 57 77 AR TR AR
ZH_EFEAL, X RIREE, ROVERBWEL 77BN 2% v BB BRI EMLR,
SV, A5 75RE (64) F (65) AI MEAER =410 5 LAz,

Given the boundary conditions and boundary field equations, we infer the symplectic potential. On a
partial Cauchy surface M that intersects V' in a cross section S, there are a contribution from the bulk and an

additional boundary contribution

BEIDFGRMNGFT R, BATRIDHES B, f£5 N M TEE S BIER bl Mk,
FEEARTTRRFIET SN IL S BTk

+ cc. (66)

A SAAB — 96 eq A méeA
[Zuwre-g,,

The expression for the symplectic structure on the null surface simplifies if we restrict ourselves to only

Sm,G (r+1)

those variations & [ -] that preserve the ruling of the null surface, i.e., §¢¢ ~ €%, see [72]. Under this condition,

we obtain

GERBATA S B RFF RS RRETHIIN AL > 6 [-] (AR 66 ~ 6%, SIS [72]), K28 FaEss
HWFEX R W, RS TRISE

1 i
= ) — n) —
On SnyGstAaA 877G AS(kAm)—ce.],

(67)

where k, € Q! (IV : R) is the Ehresmann connection such that k,#* = 1. Notice that the expression for
the symplectic potential has the familiar structure from the loop gravity holonomy flux algebra, with fluxes
€,k Am, and k A m that are dual to 1-forms or connections. In fact, the area 2-form ¢ is dual to the U (1)

connection

Hik, € Q' (W @ R) B2 ko6 = 1 FIRE T 2H%S, ERFBNFREXBAES 2l
FRE IEERY, BAIERAN e, kAm, kAam 2 1 TEREERGSHNE, Lhr b, mf2EXe 2 UQ)
FRE X
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AV =T +yw (68)

The connection A”) is an abelian version of the SU(2) Ashtekar-Barbero connection, namely the sum of
the intrinsic U (1) connection I" and the extrinsic curvature w . In fact, given the U (1) gauge transformations,
it is easy to check that A?) transforms as an abelian U (1) connection. If, on the other hand, we rescale A%
by y~!, we obtain an abelian connection for the internal boost symmetry ¢¢ — e*¢® . Let us now discuss two

important limiting cases.

ZIRZE AW 2 SU(2) R Pt -E WU BRER AR DURRRA, BIANE U (1) BK%6 T S5MR o 2 Hl,
Kb, BE UQ)MEERSE, IREZIIE AV LI DUR U (1) SR8, 5 —77H, 1R
YL AD) (SRR e, BREETS AR boost XMFRIE €% — eted BRI DURERLR, FHEIFATHRINIEM
N E AR

In the case of an isolated horizon IV ~ S% x R, we have no gravitational radiation crossing the null
boundary. Shear and expansion of the null generators ¢ vanish. Therefore, the second term in the expression
for the pre-symplectic potential (67) disappears, and we are left with the first term. Since the area element €,
is conserved, the entire geometry becomes effectively two-dimensional. Given an arbitrary two-dimensional
cross section S ~ S? of V', the symplectic potential is now simply given by

TEIZANSE N ~ S2 x R ITEIL T, A SIS FE RN TR, FOUERTT 0 RTINS
%o Hit, AreEds (67) RIANHPHHE TUHK, JFITE I, HTHEAIT e, SFE, BNUTH
BN =4, RN B— D 4EIH S ~ S?, FHIER AT N

— 1 -1
Om = 5mg Sﬁssh Sh, (69)

where h (x) = Pexp (—i S Y(X)A(V)) is the U (1) holonomy along the null generator based at x . This defines
the phase space [T*SU (1)]S . Notice that the area 2-form is the generator of U (1) gauge transformations, and

hence the area is quantized.

HA h(r) = Pexp(—if,pA®) BET x MFOLERTE LR UQ) MK Xk T H%H
[T*SUI o HEREIER 20502 U (1) SIS I RTE, TR RT L,

Another important limiting case is when we send 2V to null infinity J* . In this case, the symplectic

potential (67) returns the usual radiative phase space [94].

5N EEARREOUZBATR NV BEIOETHIE 7+ . 1, 35 (67) [R1238E H 5 HE 5 AH 2
[94].

Spinor Representation
Jie TR

From the previous analysis, we see that at the corner of null surface, where the }] intersects the null

surface, we obtain the Poisson brackets
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(74 00,07 @) = 865 (x.y). {7 0.7 (y)}s = 6555 (x.y), (70)

where we introduced the momentum spinor 774 as the pullback of the boundary field e4 A m to the cross

section S, i.e.,

HABATR SRR 74 & X ONIATIT eq A m DRI EEH S HIZER, B

~ i
AT 319G

A number of Dirac observables can be written in terms of these boundary fields. For example, the gen-

(r +1) s (ea AM). (71)

erator of infinitesimal tangential diffefomorphism associated with £¢ € T )] is given by

S AT LN B R U &0 57 30R. BN, 5 € e T Y RERRITESS /Mo R R AE 7
TTH

Py = ¢S§a [FaDy6?] + cc. (72)

In the same way, we find the generators of complexified U(1) transformations,

[FEE, BRI DM EIE L UQ) Z AR,

y+i
8nyG

TatA =K +iL = €, (73)

where Lisa U (1) generator, Kisaboost generator, and ¢ is the area form. In terms of harmonic oscillators,
L is the difference of two number operators, and K is a two-mode squeeze operator, see [43]. The spectrum
of K is continuous, and the spectrum of L is discrete. The area 2-form (49) is the contraction of the boundary
spinors. At the kinematical level, this surface density is complex. For the area to be real, we have to impose
the simplicity constraint K —yL = 0.

Hi L2 UQ) BT, K ZWE boost £RUT, « 2HMEN. HIERFRR, L2MMEER
72, K BUIEELEERE, S0k [43]. K WiE2ES, L2 ssm. miH=m (49) 2
LS R RRAEIF, RIS EH, ZHEEREEE, N T IEESE, AT ZHNE S LR
E = ‘J/i =0 o

When acting on any physical state, the area density will be proportional to L , which has a discrete spec-
trum. Hence the area is quantized. This selects a representation of the canonical commutation relations. In
this way, the quantization of area on the null surface boundary agrees with our analysis in section "Repre-
sentation Theory of Corner Symmetries.” Both results only rely on the compactness of the orbits generated by
the area density ¢ o L . If we use a spin network representation, the boundary spinors (7"fA, €A) will be excited
at a number of punctures. We could also use, however, a more standard Fock representation [43], where 774
and #4 are continuous. In either case, the result is the same. To summarize the Barbero-Immirzi parameter

deforms the boundary symmetries in such a way that the area spectrum becomes discrete.
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Summary and Perspectives

BETE

In this chapter, we have discussed three main ideas and related results. The first result is about the
classical phase space of general relativity in the presence of inner boundaries of a space-like or null slice.
When there is a boundary, an otherwise unphysical gauge redundancy in the bulk turns into a physical degree
of freedom intrinsic to the boundary. The corresponding conjugate elements on phase space are the canonical
generators of the boundary symmetries. It is for this reason that the generators of diffeomorphisms turn into
surface charges that measure quasi-local observables of the gravitational field. These observables generalize
the 10 Minkowskian Noether charges for the Poincaré group into an infinite set of boundary charges that
satisfy the so-called corner symmetry algebra. We then reviewed a number of past results from loop quantum
gravity, where the boundary conditions and resulting boundary symmetries have led to important results, from
local entanglement [44] to the entropy counting of black hole horizons [45] and to renormalization and the
continuum limit of the theory [49]. Then, we explained one of the key results of the corner symmetry program
thus far, namely the fact that the loop quantization of area can be understood from the quantization of the
boundary modes alone [35,43,72] . Since there is a unique area element on a null surface, the construction
becomes particularly transparent for such boundaries. The area 2-form at a two-dimensional cross section
turns into a surface charge, whose spectrum is discrete. From the perspective of the gravitational phase space
in a finite region, this surface charge is a complete Dirac observable. The discreteness of the spectrum of the
corresponding quantum operator can be traced back to the presence of the Barbero-Immirzi parameter in the
action. The Barbero-Immirzi parameter does not affect the commutation relations for the radiative modes in
the bulk, but it deforms the algebra of boundary symmetries and their generators. This discreteness has been
proven to follow from representing the corner symmetry as in (20). Finally, we have also reviewed a number of
results on how the Einstein equations induce a field theory for a Carrollian fluid on the null surface boundary
and how this can also be described naturally within the tetrad formulation used in loop quantum gravity. This
furthermore connects seamlessly with the description of isolated horizons developed in the LQG black hole

entropy counting.
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Some developments were not covered in our review. For example, there is a growing body of research
in quantum foundations and quantum information science on quantum reference frames and their relation
with edge modes [120- 123]. Quantum reference frames are dual (in the phase space sense of the word) to the
generators of coordinate transformations. Recent results by Brukner and collaborators gave an operational
definition of quantum reference frames, see, e.g., [124]. This definition includes a prescription for how to jump
between quantum reference frames and identify properties of a quantum state that remain invariant under
such transformations. It turns out, for example, that quantum entanglement is an observer-dependent notion
and depends on the frame of reference. Strengthening further the connection between corner symmetry and

quantum reference frames is a promising area of development.

RREFRFFRMZ AR IO FIERE, Blan, BrEMSBFEERZSEF, XTRTSERNAS
IR RN IEAWINZ [120-123], B 25 R 5ARERESTTE HZRE S ER) XE
Ko MBRALHESEENRHRAH TRFSERBIEMEL, SUHIN [124], ZEX
W& TUWRERRE TS ERETIH, RHIERX I MRS AN E T SERNTTE. s
LR, BTAUERRBTUNENMS, HE52E5REXK, E—PINEEANRESRTFSE5R
ASRICR — MR AR A & R TT 1

Altogether, the idea we arrive at is that of local holography. While AdS holography on asymptotic time-
like boundaries is made possible by reflecting boundary conditions, which prevent from including radiation
[125], celestial-Carrollian Holography allows the inclusion of radiation and is adapted to the description of
physically realistic setups [19-21,126-128]. Instead of considering null or time-like boundaries at infinity,
local holography aims at obtaining constraints on quantum gravity from the local corner symmetry structure
associated with any arbitrary subregion defined by an entangling cut. This idea should not necessarily be
viewed as a new proposal for quantum gravity, but rather as a consistency framework that brings a universal
bottom-up perspective for all candidate approaches. In this review, we have discussed the lessons from and
for loop quantum gravity, but it will be interesting and important to discuss local holography in other contexts

as well.
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